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M | ∃ n ∈ N
∗ tq M = M> ∈ R

n×n
}
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∀λ ∈ [0, 1], ∀(x1, x2) ∈ E2, λx1 + (1 − λ)x2 ∈ E

� � h y�~&f$oqy v mBr A1hBr��oEuf�)*E vspso"! hBr�� f�y�~�r h v t f$yBtuiqhBpsrf! hBr
�Dego@mBr h�C�~&f$oqy vse�egf$y v
m<k�yBe hBy t f$y�A$rDC�r E �Bk�i}f$pge�� vxf$h e i}rue@~�f$oqy vxe mBh�egr_��)Pruy v#pgrui}o}k�y v t rue mBr h�C ~&f$o}y vxeesf$y vIm<k�yBe E �
MN	��W�&�P�
����� .D	<E\���5�o�
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f : E → R
�%+10�KL�M0N�;2(45�76>�<8:�;+9�=�50?+,�>�O&/�%�.�%��0?+9�PB

{

E
�%+10"�O�Q����+ ���.-�&��R2(45�765�98:�

∀λ ∈ [0, 1], | ∀(x1, x2) ∈ E2, f(λx1 + (1 − λ)x2) ≤ λf(x1) + (1 − λ)f(x2)

ST�HGI4>��250/�/45�U��+10TK��M0V�A+10/�<�/2>0V�%�.�%��0�2(45�765�98:�('W+<�X&,� �Y��#<!W��&Z�M0V#P�%+10[+(0J�<��250N�)\?4L�O�
x1 6= x2

] y"~�r h v'y f�vxr pf! hBr����$^�� ��

��������� 	$�N�5i � ruyBegr_)0�Biqr	m r	m]E 
<yBo vxo}f�y"m�� hByBr( f$yBtwvxo}f�y
tuf$y�A$r©C�r�mBf$o v7� vspsr tuf$y�A�rDC�r �
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f : E → R
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{

E
�%+10d�O�Q����+ ���.-�&��R2(45�765�98:�

∀λ ∈ [o, 1], ∀(x1, x2) ∈ E2, f(λx1 + (1 − λ)x2) ≤ max(f(x1), f(x2))

] y�~&ruh vjpsr�) k pF! hBrup ! hBr vxf�h vxr� f$yBtwvxoqf$y�tuf$y�A�rDC�r�r egvu! h<k�eso � t f$y�A$rDC�r �
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f : E → R
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x0 ∈ E
+9�P�>0C+ �5�O&����@���70

+<�PB
∃ε > 0 \ ∀x ∈ E, ‖x − x0‖E < ε ⇒ f(x0) ≤ f(x)

l ���f�Y���Z�@�O�m��+(0d-��/�%��+(nO�o!�&/4W-p��&q+9�
∀x ∈ E

'
f(x0) ≤ f(x) r

] y�~&ruh vu�Boqruy e<sBp��] Sk�o}pgr�ilk0) �_)Pr�m]E�
ByBoqvso}f$y kqA$r t iqr�) k
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f : E → R
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x0
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z5psr yBf$yBe f : E → R

tuf$y�A$r©C�r*! hBoGk�m])Pr v hBy�) o|) o|)nh]) i}f1t k�i�ruy x0
� n f$oqv εvxrui\! hBr

∀x ∈ E, ‖x − x0‖E < ε ⇒ f(x0) ≤ f(x)
n f$oqv x ∈ E

� � y�t |Bf$oqesoqesexk y v λ ∈ [0, 1] egh �Pexko)*) r y vI~&r vsoqv �

λ ≤
ε

‖x − x0‖E

x0 + λ(x − x0)
rue7vjm<k�yBe#ilk0�&f$hBiqr�mBr tur y vspsr x0

rwv#mBr pxk �$f$y ε �<r v �
f(x0) ≤ f(x0 + λ(x − x0)) = f((1 − λ)x0 + λx)

f(x0) ≤ (1 − λ)f(x0) + λf(x)
§ o}y eso

0 ≤ λ(f(x) − f(x0))

r v f(x0) ≤ f(x)
� ] y'~&ruh�v mBf$yBt�r y�tuf$y tui}h psr�! hBr x0

rue7v ) oqyBo")�h]) �$i}fo�<k�iVmBr f
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� rd~BiqhBe�� eso f r egv�e7vxpgo}t vsr_)Pruy v tuf$y�A�rDC�r
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min
x∈Ω

f(x)

� 6>�(2
�

f : E → R
��+10"�O�7�HGI4>��250/�/45� r l � �%+10P&`�wGI45��2>0J��45�h4X-��(�c250J�ZG�� �f�Y���Z�i�Z+,���

�
Ω =

{

x ∈ E |

{

Gi(x) ≤ 0 i = 1, . . . , p
Hj(x) = 0 j = 1, . . . , q

} �%+10�&,� ��+I\ �L2c� K$�?2(45�70J�%���Y�70N�
�
∀i = 1, . . . , p

&/��+oGI4>��250/�/45��+
Gi

+ 45�70�2(45�765�98:��+
�
∀j = 1, . . . , q

&/��+"GI45�7250J��45��+
Hj

+,4>��0C���U���%+
SA�%+gGI4>��250/�/45��+

Gi

�50
Hj

+ 45�70��@6,��&��5�O�9+;KW����+
R

4W�uKX����+
Rn×n r
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���� ��tuk�pPilk tuf$y vxpsk�o}y vsr	r egv't f$y�A$r©C r �@ ruilk�~&rupx) rwv ��ª�~<k�p7vxo}pPmBrdm ruh�C)~�f$oqy vxe AoEupso	
Vk�y v�i}k tuf�y vspxk�oqy vxr
��m�� h vxoqi}o}egrupPi}r e
~�f$oqy vxe eso vxh]E e eshBp iqr�I9esr���)Pruy vFKf f$pF)*E�~<k�p�turuePmBr h�C!~&f$o}y vxe��Druy�Ewv k�y v k�eseghBpFE e
!1h � oqi}e A�E pso	
<ruy vIruh�C�k hBesego;i}kntuf$y vspxk�oqy vsr �
� 
�� 	$� ��� �9^ ��� 	$���n f�o}ruy v (x1, x2) ∈ Ω

�
∀λ ∈ [0, 1] � f$y[k �

• ∀i = 1, . . . , p, Gi(λx1 + (1 − λ)x2) ≤ λGi(x1) + (1 − λ)Gi(x2) ≤ 0�Stuk�p Gi
r egvItuf$y�A$r©C�r�r v#tuk�p x1

rwv x2
egf$y v m<k yBe Ω �

• ∀j = 1, . . . , q, Hj(λx1 + (1 − λ)x2) = λHj(x1) + (1 − λ)Hj(x2) = 0
� f$yBt λx1 + (1 − λ)x2 ∈ Ω rwvIi}k tuf$y vxpsk�o}y vsr�m]E�
<y oqvjhBy ruyBegr_)0� i}r tuf$y�A�rDC�r �
' i<ruegvQEDA1o}mBr y vk! h�� f$yP~�f$h pspxk-m � k�h�v k�y v ~BiqhBev Sk�tuoqi}r�) r y vDpFEuegf$hBmBpgr#y1h�)fE pso"! hBr�) r y v
hBy ~ psf��Bi|z_)Prnm�� f$~ vso")Po}exk vxo}f�y[tuf�yBA�rDC�r ! hBr i}k  f$yBt vso}f$y]fo� �grutwvxo| �esr pxk I9eL��)P~<k vso	�
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#�r e k�i|�$f$pgoqvx|�) r eZ!1h r-yBf$hBeQA$r pspgf$yBe m<k yBe@iqrIt |<k ~Boqvspsr J mBr�) k�y mBruy v ª{ilk� f$yBtwvxo}f�y
f�� �grutwvxo� Dm�� � vspsr tuf$y�A�rDC�r�~&f$hBp ~&f$h�A�f$o}p#k�egeshBpgrupjhBy�pFEueghBiqvxk v �
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F (x) , F0 +

m
∑

i=0

xiFi > 0 � <��|� �
4��

�
x = (x1, . . . , xm) ∈ Rm ��+(0��c\�\?�%&/#w6,���<� ��-�&��;K�� K$#(2��Z+<��45��
Z&/�%+

xi

+,45�70P&/�%+
�Y��2c45���7�W�%+RK7�y\[� 4X-�&/�%�.���
�

F0, . . . , Fm

+ 45�70�K���+d�u�X0J�<��2(�%+o+��$�.#>0J�9�/a$�W��+�K��
Rn×n

] ya~�r h v k�hBegeso@k�A�f$o}p hByBr #&%('{y f$y�egvspsoqt vxr eso�i �KE_! h<k vso}f$y <��|� y�� r egv ~Bk�e�e7vxpsoqt vsr
� F (x) esr�) oqr � m]E�
<y o}r�~&f$eso vxo|A�r�esr hBi}r�) r y v �D�

' i#rue7v�k�h esesoj~&f$esego"�Biqr
�Qª ~Bk�pgvso}p m�� k�h vxpgrueY f$pF)PruePm�� o}y]E�� k�iqoqvpE e��Dm r[psrDA$r yBo}pfª
hByBrN#5%�'{m]E�
<y o}r'r y <��|� � ilka)Po}egr egf$hBe0 f$px) r #&%('{m � hBy!~Bpgf��Bi|z_)Pr m�� f$~ vso")Po	�
exk vso}f$y mBr_) k�yBmBr mBf$yBt m��KEutupgo}pgr i}r e�t f$y vxpxk o}y vxr e�mBh�~ psf��Bi|z_)Pr egf$hBenm � oqy]E_� k i}oqvFEue
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• zGk�pjrDC�r�) ~Biqr
�<iqruejo}y]E�� k�i}o vpE e ) k vxpsoqtuoqrui}iqrue F (x) < 0 r v F (x) > G(x) �&kqA$r t
F r v G mBrue� f$y t vxoqf$yBe k��PyBr e���~&ruh�A$ruy v�� vspsr pFE �«E tupso vxr e�tuf�)*) r e�mBrue,#5%�' ��kqA�rut
−F (x) > 0 rwv F (x) − G(x) > 0

�

•
n o�i8� f$y�t f$yBego}m]z psr{hBy eF� vpz�) r{mBr�#5%�'

F (1)(x) > 0, . . . , F (p)(x) > 0

o}i�r egvj~�f�eseso|�Bi}r�m r{iqrue#psr��$psf�hB~�r p ruy�hByBr esr hBi}r�#5%�' F (x) > 0 kqA$rut �

F (x) ,











F (1)(x) 0 . . . 0
0 F (2)(x) . . . 0��� � � � ���
0 0 . . . F (p)(x)











> 0

§ o}y eso�� yBf$hBe#yBr mBoqegvxoqy]�$hBr psf$y e ~<k�e#hByBr�#5%�' �<m�� hBy[eL�1egvpz�) r mBr�#5%�' �

•
� � k�h vspsruejo}y�E_� k�iqoqvFEue@~&ruh�A$ruy v-k�hBesego�e_�KEut pso}pgr esf$hBejilk¥ f�pF)Pr�m�� h yBr�#&%(' �

#Q� o}y�E_� k�iqoqvFE F (X) > 0 f�� F : V → S
rue7v hByBri f$yBtwvxoqf$y k��PyBr
�@~�r h v k�hBegeso

e_�KEutupgo}pgr	egf$hBe i}ki f$pF)Pr m�� h yBri#5%�' � ruy"m]Eut f�)P~�f$esk�y v i8� oqyBtuf�yBy hBr X m<k yBe hBy r�<k�esr (Ei)1≤i≤m
mBr

V
�

X =
m
∑

i=0

xiEi

m�� f��

F (X) = F

(

m
∑

i=0

xiEi

)

= F0 +

m
∑

i=0

xiF (Ei) = F0 +

m
∑

i=0

xiFi

§ o}y eso��;i � o}y�E_� k�iqoqvFE mBr�#/� k�~ hByBf�A A>X + XA + Q > 0 rue7v hByBr�#5%�'�� ~�f$h p QeF�6)fEwvxpgo"! hBr �©�U= f$h ewA�rupgpsf$yBejm�� k�h vspsruejrDC�r�) ~Biqrue#m<k�y ejiqr�t |<k�~Bo vxpgr -��

• #�k)~Bpgf$~�f�esoqvso}f$y�eshBo�A�k y vsr�~�r pF)Pr v]m r )Pr vgvxpgr�tur pgv k o}yBr e]o}y]E�� k�i}o vpE e[yBf$y �
i}o}y�E k�oqpsrue@esf$hBew f$px) r�#5%�' �
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F : V → S
�O���gGI45��2>0J��45� ���U�����L6>�(2 B

F (x) =

(

Q(x) S(x)
S>(x) R(x)

)

�
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Q(x)

�%+10"�O���g���$0J�9�/2c�;2,���9�,#(� r� &/4>�<+
F (x) > 0

+9�=�50?+,�>�O&/�%�.�%��0?+9�
{

R(x) > 0

Q(x) − S(x) [R(x)]−1
S(x)> > 0

� <6�{< �
��
�� 	$� ��� �9^ ��� 	$���

n f�oqv M ∈ Rn×n e_�KEut pso�A�k y vjegf$hBe#ilk0 f$px) r M =

(

Q S

S> R

) kqA$r t Q t k�pgpFEur �
] y�~&ruh vuEut psoqpsr��

M =

(

I 0
−F I

)>(

I 0
F I

)>

M

(

I 0
F I

)(

I 0
−F I

)

=

(

I 0
−F I

)>(

Q + F>S> + SF + F>RF S + F>R

S> + RF R

)(

I 0
−F I

)

#;k�) k vxpsoqtur M r egv@m]E�
<y o}rj~�f$egoqvso|A$r#ego�rwv@egruhBiqr_)Pruy v@ego�iqr < � vxr pF)PrIm rIi}k{mBr psyBo|zupgrE_! h<k vso}f$y'r egv@m]E�
<y o�~&f$eso vxo| �6n o M r egv@m]E�
<y o}r ~&f$egoqvxo�A$r�� k�iqf$pse R r egv@o}y�A$r pseso|�Bi}r���rwvk�A�rut F = −R−1S> �<f$y�k �

M > 0 ⇐⇒

(

Q − SR−1S> 0
0 R

)

> 0

� Q − SR−1S> ruegvIk�~ ~�r i"E�� �����&�����
	o�v���
	�� ��� �\� mBr R m<k�y e M �D�
� � f�� M > 0 ⇐⇒

{

R > 0
Q − SR−1S> > 0] y ~�r h v�m f$yBtPtuf$yBt i}hBpgrf! hBrPi � ruy esr_)¥�Bi}r mBr e�o}y�E_� k�iqoqvFEue�mBrPilk^ f$px) r mBr <��?<

~�r h�A$r y vne_�KEutupgo}pgr egf$hBe{hByBrf#&%(' �W@ rwvsvsr ~Bpgf$~&f$eso vxo}f�y y f$hBe{~�r pF)Pr v{m��KE vxr yBmBpgr i}r
yBf�)0�Bpgr mBr ~Bpsf�� i"z_)Prue ! hBo�~&ruh�A$ruy v esr,) rwvsvspsr�esf�hBeIh yBr� f$pF)Pr�#5%�' �

•
� y r	oqy]E_� k i}oqvFE ~&f$pgvxk�y vPeshBp ilk]yBf�pF)Pr�m�� h yBr�) k vspso}t r�~�r h v k�hBegeso#e_�KEut pso}pgr

esf$hBew f$px) r�#5%�' �n f$oqv Z : V → Rp×q hBy r, f�yBt vso}f$y�k��PyBr � ] y	k �
∀x ∈ V, ‖Z(x)‖ < 1 ⇐⇒ I − Z(x)Z(x)> > 0

⇐⇒

(

I Z(x)
Z(x)> I

)

> 0

• ' i<rue7v@~&f$esego"�Biqr m��KEui}o|) oqyBrupGm<k�yBe tur pgvxk�o}yBe tuk�e�m rueQA�k psolkc�Bi}r eZ�$p���t rjk�h iqr_)*) rm��HE i}o|) oqy<k vxoqf$y � > � �
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A(x) + B(x)XC>(x) + C(x)X>B>(x) > 0

�q~
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{

B̃>(x)A(x)B̃(x) > 0

C̃>(x)A(x)C̃(x) > 0

4��
B̃

�>0
C̃

+ 45�70?&/��+H2c45� \[&/#%�.�%��0/+H45�10���4>!$4>�:�$�k8 K��
B

�>0
C
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M̃
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M
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MM̃ = 0
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] y�~&f$hBpspsknvxpsf�h�A$r pjh yBr ~Bpsr h�A$r mBr tur i}r�)f)Pr-m<k�y e�� < �8�

• ' iDr egv k�hBegesoD~&f$egeso"� i}rnm��KEuiqo")Po}yBr p hBy r0A�k psolkc�Bi}r m�� h yBr*#&%('Iiqf$psex!1h r turuiqi}r � tuotuf�)P~�f�pgvxr�h y�vsrupF)Pr�esr�) o � m]E 
<yBo �n f$oqv#iqr�~Bpsfo�Bi"z�) r�#5%�' �

� psf$h�A$rup x ∈ R
m vsrui\! hBr F (x) = F0 +

m
∑

i=1

xiFi > 0 � <��?- �
] y�esh ~B~�f�esr�!1h r{i8� f�y	k Fm ≥ 0 r vu! hBr Fm

rue7v m r{psk�y]� r ≤ n
�

= f$hBe@k�i}iqf$yBeQ)Pf$y vxpsr pQ!1h r turI~Bpsfo�Bi"z�) rjrue7v E�!1h o|A k�i}r y v ª{hBy'~Bpgf��Bi"z�) ru#5%�' kqA$r t
m − 1 A k�pso}ko�Biqrue �
Fm
rue7v[egr_)Po	� m]E�
<y o}r
�@mBf$yBt o}i rDC�o}e7vxr hByBr ) k vspsoqtur U mBr psk�y]��~Bi}r o}y A�E pso�
<k�y v

Fm = UU> �1= f�hBejk�A�f$yBe F (x) > 0 eso�rwv#esr hBi}r�) r y vjego
(

Ũ>

U>

)

F (x)
(

Ũ U
)

> 0

] y�m]E 
<yBoqv
x̂ = (x1, . . . , xm−1)

> ∈ R
m−1

r v
F̂ (x̂) , F0 +

m−1
∑

i=1

xiFi

] y	k k�i}f�pse F (x) = F̂ (x̂) + xmUU> �<mBf$yBt
(

Ũ>

U>

)

F (x)
(

Ũ U
)

=

(

Ũ>F̂ (x̂)Ũ Ũ>F̂ (x̂)U

U>F̂ (x̂)Ũ U>F̂ (x̂)U + xm(U>U)2

)

t k�p U>Ũ = 0� y	k�~B~ i}o}tuk�y v#i}r�iqr_)*) r-m r n t |1h p��Vf$y�k F (x) > 0 eso�rwvIegruhBiqr_)Pruy vjeso �
{

Ũ>F̂ (x̂)Ũ > 0

U>F̂ (x̂)U + xm

(

U>U
)2

− U>F̂ (x̂)Ũ
(

Ũ>F̂ (x̂)Ũ
)−1

Ũ>F̂ (x̂)U > 0

�o�



] p�� f$y{~�r h vGt | f$o}ego}p xm
eshD� esko)*) r y v5�$psk�yBm{~�f�hBp;k�A�f$o}p�i}k < � o}y�E_� k�iqoqvFEGexk vxo}e� Sk�oqvsr �§ o}y eso�� i}r�~Bpgf��Bi"z�) r m]E�
<y o;r y <6�?- rue7vuE_! hBo|A k�iqruy v$ª �

� psf�h�A$r p x̂ ∈ R
m−1 vxrui\! hBr Ũ>F̂ (x̂)Ũ > 0] ydk mBf$y t�~BhiE i}o|) oqyBrup hBy r+A k�pso}ko�Biqr{m hd~Bpsfo�Bi"z�) r�#5%�' �$p ��tur�k�h	vsrupF)Pr�egr_)Po	�

m]E�
<y o �

� ��� 8 9 ; % . @ 0� U��%�� + .��
� yBrw#5%�' F (x) = F0 +

∑m
i=0 xiFi > 0 m]E�
ByBoqv hBy r tuf$y vxpsk�o}y vsr tuf$y�A�rDC�r � ' i r egvk�i}f$pge ~�f$egeso|�Bi}r#mBrjm]E�
ByBo}p hBy ~Bpsf�� i"z_)Pr#m�� f$~ vxo|) oqexk vso}f$y�tuf$y�A$r©C�r-f�� i}k�tuf$y vxpsk�o}y vsr

ruegv@hByBr #&%(' �]@ � rue7v m�� k�o}iqi}ruh pse5esf�h�A$r y v#iqr#t k�e�m<k�yBe�mBo�EREupgruy vxe�~Bpsf�� i"z_)Prue/psr ilk vso| e
ªPi}kntuf�)*) k yBmBr �
] y	psr yBtuf$y vspsrn~Bpgo}yBt o}~<k i}r_)Pruy v vspsf$oqej~ psf��Bi|z_)Pruejm�� f$~ vxo|) oqexk vso}f$y�t f$y�A$r©C r � G�� � f$h
~Bpsf�� i"z_)Prue{~Bpgf�t |Br e �  f�pF)nhBi|Eue{esf$h e+ f$px) rf#5%�' �Sf$y tuf$y eso}m�zupsr pxk[oqtuo5vxpgf$o}e+#5%�'
F � G r v H �

•
���g�UT&VeX623
��:
i`b�1�e�_�]T&�8Ve�P��	

� psf$h�A$rupjhByBr egf$i}h vso}f$y x ∈ R
m ª ilkY#5%�' F (x) > 0

•
���g�UT&VeX623
��:
�2��e�&�e2��e�_���
����� �
��95� ��T��_
6�o�
��`$Ve�e�5	B�1���



min
x∈Ω

C>x kqA$r t Ω = {x | F (x) > 0}

•
���g�UT&VeX623
��:
a[]�1V�
695�fS&�
�US5�g
��U	��:	B�
�1V8�e�_	

min
(x,λ)∈Ω

λ kqA$rut Ω =







(x, λ) ∈ Rm × R |







λF (x) − G(x) > 0
F (x) > 0
H(x) > 0







] y�~&ruh v#vxf�h v#mBr,)���) r�y f�vxr pu! hBr t r{~ psf��Bi|z_)Pr�rue7v$! h<k eso	� tuf$y�A�rDC�r�egruhBiqr_)Pruy v �
� k�yBeni}k	~BiqhB~<k�p7vnmBr ent k e��Gt ruen~ psf��Bi|z_)Prue y�� f�y v�~<k�enm r esf�i}h vso}f$yBe k�y<k i�� vxo|!1h rue��
) k�oqe���mBh� Sk�oqv mBr i}r hBp-tuf�yBA�rDC�oqvFE
��oqi}e ~&ruh�A$ruy v�� vspsr pFE esf$iqhBe�y h])*Eupso|! hBr_)Pruy v�~<k p
mBrueIk�i"��f$pso vx|])Prue�m�� f�~ vxo|) oqexk vso}f$yBe �St |<k ~Boqvspsr J �©�

��<



� � 
 � �&����� �

� ��� �"�	� ���	� � �	��� ���)
 �)� � ��� ��
���� �'�

� ���[
 � ���"� �'��� � � ���	
 � � �

� ��� � . =>"$+ ?�+ .��
] y tuf$y eso}m�zupsr iqr�eF�1egvFz_)Pr m]E 
<yBo�~<k�p �

ẋ(t) = Ax(t), A ∈ R
n×n � -��|� �

# �$k�~BhBy f
A	kY) f�y vspFE�! hBr t r eL�1egvpz�) r rue7v-k�eL�6) ~ vsf�vxo|! hBr_)Pruy vjegvxko�Bi}r��Yvxf$h vsrueji}r e
 f$yBt vso}f$y e x : R → Rn ! hBo;exk vso}ex f�y v -���� AoEupgo�
<r y v limt→∞ x(t) = 0

� eso�rwv egruhBiqr �
) r y vjego�o}i�r©C oqegvsr{h yBr,) k vspsoqtur P ∈ Rn×n eF�6)fEwvxpgo"! hBr�vxr i}i}r !1h r �

{

P > 0
A>P + PA < 0

@ rutuo�r egvu�Bo}r y	e9sBpwE_! hBo�A�k i}ruy vuª ilkY#5%�' �e) k vxpgo}tuoqruiqi}r � �
(

P 0
0 −A>P − PA

)

> 0

� ��� � =>+� -/. =2.1+�4 5$% =d��%7@ - = . 5 # = .1+ 0� 
] y tuf$y eso}m�zupsr iqr�eF�1egvFz_)Pr iqo}y]Euk�o}pgr

ẋ = Ax + Bu

k�A�rut A ∈ Rn×n r v B ∈ Rn×m �
' iDrDC�o}e7vxrnh y�� k�o}y[egv k vxo"! hBr�egv kc�Bo}iqo}exk y v K vxr iv! hBr
��~&f$hBpjvxf$h�v�tuf$y mBoqvso}f$ydoqyBoqvsolk�iqr
x(0) AoEupso	
Vk�y v ‖x(0)‖ ≤ 1 � ilk�t f�)f) k�yBm r u = Kx A�Eupgo�
<r ‖u(t)‖ ≤ umax, ∀t ≥ 0

�q-



eso�rwv egruhBiqr_)Pruy v ego�oqi&r©C�o}egvsr Q ∈ Rn×n r v Y ∈ Rm×n ! hBoRAoEupso	
<ruy v iqrue/tuf$y mBoqvso}f$yBe
eshBo�A�k y vsrue�� y � �

Q = Q>

r v
Q ≥ 0

−AQ − QA> − BY − Y >B> > 0
(

u2
maxI Y

Y > Q

)

≥ 0

� ��� 8:%7B B %�� 02#3 .���m�(%(? % .�� 0�- + .1+ '��m�(%(?
@ r e/m ruh�CPiqr_)*) r eDo")P~�f�pgv k y vseGr y eL��y vs|]zuegr��

∞
~&ruh�A�ruy v@egr#psr� f�pF)nhBiqrupv��p���t r

k�h�C(#5%�' �Sf$y�~�f�hBpspsk pgr vspsf$h�A�rup#hByBr eL��y vs|]zuegrnmBr tur ejiqr_)*) r e m<k�yBe>� I�� rwv�� > �8�

�+�
�USZ���q�����e��� �D	FhQ
�2323
�� �R�_���
��` �^	B
6VM�
SA�g+ ��+(0V�%�.�

ẋ(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)

��+10 �$^�� ��� 	 ' o � r �
∫ T

0

u>(t)y(t) dt ≤ 0

\?4W��� 0V4L��0V�u+,45&I��0J��45�
x

0N��&Z&/�.a$�W�
x(0) = 0 r S=��+ \��,4,\A45+<�I0J��45��+U+1�O�I6,���70V��+�+,45�70

#(a$�O�M6,��&����70V�%+ �U& ��\ ��+<+9�M6>�M0N# B
� &`�yGI45��250/�/45�hK$� 0J���k��+<GI�%�10

G(s) = C(sI −A)−1B + D
�%+10 \A45+<�I0J�M6>�"�,#c��&Z&/�('

o � r �
∀s | <(s) > 0, G(s) + Ḡ(s) ≥ 0

� �Y&P�<8X�Y+(0V�i�O�7�y+,45&I��0J��45�
P

+ ���@#50/�<��a��L��K�#�
��$�/�g\A45+<�I0J�M6>� ��&,� �Y�7#(a$���$0/�/45� K$�
�d��2(2 �$0J�?B

A>P + PA + (PB − C>)(D + D>)−1(PB − C>)> ≤ 0

� &`� S
	��C+1�O�I6,���70V���LKL�@�50o�O�7�H+ 45&M�$0J�/4>�h����
 B

P > 0
(

A>P + PA PB − C>

B>P − C −D> − D

)

≤ 0

�_J



�+�
�USZ���q�����e��� ; 	FhQ
�2323
a/0�U�g�:	i�^	B
6VN�
SA�g+ ��+(0V�%�.�

ẋ(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)

��+10 � 	$� ��� �$^ � ��� 	 ' o � r �
∫ T

0

y>(t)y(t) dt ≤

∫ T

0

u>(t)u(t) dt

\?4W��� 0N4W��0N�d+,45&I��0J��45�
x

0N��&Y&��;a$�W�
x(0) = 0 rSA�%+�\��,4,\A45+<�I0J��45��+3+(�O�M6,���70V�%+"+,45�70�#(a$�O�I6c�k&/���70N��+ 
`��65�c2

γ > 0
� B

�
∫ T

0

y>(t)y(t) dt ≤ γ

∫ T

0

u>(t)u(t) dt

� &`�w���$0/�<�/2c�;K��w0J�%����+<GI�%�10
G(s) = C(sI − A)−1B + D

6>#��9� 
��

‖G(s)‖∞ ≤ γ

� &`� S
	��C+1�O�I6,���70V���LKL�@�50o�O�7�H+ 45&M�$0J�/4>�h����
 B

P > 0

(

A>P + PA + 1
γ C>C PB + 1

γ
C>D

B>P − 1
γ
D>C 1

γ
D>D − γI

)

≤ 0

� &`� S
	��C+1�O�I6,���70V���LKL�@�50o�O�7�H+ 45&M�$0J�/4>�h����
 B

P > 0




A>P + PA PB C>

B>P −γI D>

C D −γI



 < 0

� ��� � =>?�@ 5,? 6,%7-  ,0>#3B %7-
H2

% .
H∞

] y tuf$y eso}m�zupsr pxk hBy�eF�1egvFz_)Pr G �e�&f$hBtui|E�f$h�yBf$yN��f�hBtui|E � �

G =

(

A B

C D

)

��>



��������� �	��

���
H2

#�k yBf$px) r H2
m�� h y�vsrui�eF�1e7vpz_)Pr rue7v mBf�yBy]Eur ~<k p

‖G(s)‖2 =
√

tr(CPBC>)

=
√

tr(B>PCB)

f�� PC
r v PB

egf$y v iqrueQ�$pxkc)f)Po}r yBe5mBr t f�)*) k�y m<ko�Boqi}oqvFE@rwv@m�� f��Begrup�A�kc�Bo}iqoqvpE#m]E 
<yBoqe
~<k�p �

PC =

∫ ∞

0

eAτBB>eA>τ dτ

PB =

∫ ∞

0

eA>τC>CeAτ dτ

!1h o;egf$y vjesf$iqh vxoqf$yBe mBr e$E�! h<k vxoqf$yBe �

APC + PCA> + BB> = 0

A>PB + PBA + C>C = 0
] y�~&ruh vIk�hBegeso\E tupsoqpsr

‖G(s)‖2 =
√

inf
PC=P>

C

{trace (CPBC>) | APC + PCA> + BB> < 0}

=
√

inf
PB=P>

B

{trace (B>PBB) | A>PB + PBA + C>C < 0}

@ r vsvsr� f�pF)nhBi}k vxoqf$y'egr{~ p � vsr�k i}f$pge �Bo}r yaª hBy r+E tupso vxhBpgr esf$hBe  f$px) r,#5%�' �<r y[h vso	�
i}o}esk�y v#i}r�iqr_)*) rImBr n t |1h p �

�+�
�USZ���q�����e��� � 	 �+�1Ve��9&V��5
a�5�U�g23

H2

�_��9&�Y`b�U�g23
ihkjml5�
ST����45�9�.�

H2

K=���O� +��$+10N���@�
(A, B, C, D)

\A�5��0P+,�y2,�k&/25��&/���o!����L2(� �.�O���HGI45�<�u�pb
&`�$0/�/45�.S
	��HB

‖G(s)‖2
2 = min

R=R>,P=P>

tr(R) avec























(

AP + PA> B

B> −I

)

< 0

(

R CP

PC> P

)

> 0

�qG



4W�

‖G(s)‖2
2 = min

R=R>,Q=Q>

tr(R) avec























(

A>Q + QA C>

C −I

)

< 0

(

R B>Q

QB Q

)

> 0

��������� �	��

���
H∞@ f$y vspxk�oqpsr_)Pruy v,ª'i}k'yBf$px) r H2

��o}i;y�� r©C�o}egvsr ~<k�e�mBr�)*E vs|Bf�m rnrDC�~Biqo}tuo vxr ~�f$h p
t k�iqtuhBiqrup i}k yBf�pF)Pr H∞

m�� hBy eF�1e7vpz_)Pr]i}oqy]E k o}psr��5o}i  Sk�h v h vxoqi}oqesrupPmBr e^)fEwvx|Bf1mBr e
oqvpE pxk vso|A�rue �
� y h vxoqi}oqexk�y v�iqrd#�r�)f)PrdtwEurui,s�f$psy]E �StD �t |Bk�~Boqvspsr > � � f$y ~&ruh�v( f�pF)nhBiqrup�hBy r
)fEwvx|Bf1mBr mBr t k�iqtuhBi�mBr yBf$pF)Pr H∞

r y	h�vxo}iqo}esk�y v hByBr� f$px)nhBilk vxo}f�y^#5%�' �
�+�
�USZ���q�����e��� � 	 �+�1Ve��9&V��5
a�5�U�g23


H∞

�_��9&�Y`b�U�g23
ihkjml5�
ST�@��45�9�.�

H∞

KA����� +��q0N���@�
(A, B, C, D)

\A�5��0��>0J�,�f2,�k&/25��&/����!p� �L2c� �*�O��� GI45�<b
�@�O&`�X0J�/4>�@S
	���B

‖G(s)‖∞ ≤ min
X>0,X=X>

γ avec





A>X + XA XB C>

B>X −γI D>

C D −γI



 < 0

� ��� � #30>"$?��7B % -/. =� $6$= # 6 0
	,.1+�B =2?
] y tuf$y eso}m�zupsr iqr�eF�1egvFz_)Pr eghBo|A k�y v �




ẋ(t)
e(t)
y(t)



 =





A Bw Bu

Ce Dew Deu

Cy Dyw Dyu









x(t)
w(t)
u(t)



 =

(

A B

C D

)





x(t)
w(t)
u(t)





k�A�rut x ∈ Rn � w ∈ Rp � u ∈ Rq � e ∈ Rr rwv y ∈ Rs �

#�k3)Po}egr[esf�hBe^ f$pF)Pr[e7v k�y m<k�psm ~&rupx) rwv�mBrdexEuiqrut vso}f$y yBrup'iqrue'r y vxpFE rue�rwv�i}r e
esf$p7vxo}r eQ!1h rji8� f�yYA�ruh v/t f$y vxp���i}rup�� ruy � oqyBtuf$pg~�f�pxk�y v mBr eQ f�yBt vso}f$yBe5m rj~&f$yBm�Eupxk vxo}f�y
 pFE_! hBr y vxo}r i}iqrue,! hBo5psr
�1z vsruy vniqrue�f�� �gr t vso| e mBr ~�r px f$px) k yBtur rwv t rup7v k�oqyBe f�� �grutwvxo� e
mBr psf��Bh egvxr esegr �

] ydeghB~B~&f$esr pxk�! hBr Dyu = 0 � ��! hBr ilkP~<k�oqpsr (A, Bw) rue7v egv kc�Bo}iqo}exkc�Bi}r r v ! hBrilk ~<k�oqpsr (Cy, A) rue7vjm]E vsrut vxko�Biqr �
��� %(! 8 67#���%�8��
� 67# 8�� 8�+���� # !�� #�8
+��$%�8 8�+,'- ���+,#�� #�!5+��2' �
�2'-#
! 6"# +-#�' � #

Dyu

�"��42'-'-%$#�+,'-#
' %� 7!5+,' �'& 42 "+)(+*-,/.�02143�56,73�5

��y



� r�~ i}hBe�� f$y�yBf vxrupsk P (s) iqr5eF�1egvFz_)Pr �&f$hBt i"E r v
(

Acl Bcl

Ccl Dcl

) i}kw) k vspso}t r5eF�1egvFz_)Pr
k�esegf�t o"Eur �

#�r S5�
��T&V�X�2�
Y�����1�5�5���c� H2


H∞

��S:�
�e23�1V rue7v i}r�eshBo�A�k y v �o! hBrui tuf$pgpsrutwvxr hBp
K(s) egvxko�Bo}iqo}egrni}r eL��e7vpz�) r*��f�hBtui|EPm rPi}k 
1�$hBpgr -��|� r v�)Po}yBo|) oqesr y v ‖Fl(P, K)‖2f$h ‖Fl(P, K)‖∞

�

�

�

�

�

P (s)

K(s)

w e

u y

������� -������ z5psfo�Bi"z�) r�e7v k�yBmBk�psm

���
	 ��� � 
 �
����� ���
H∞

������� ���
�

n h ~B~�f�esf$yBe#i}kY) k vspso}t r-eF�1e7vpz_)Pr{mBh	pxE_�$h ilk vsruhBp K(s) mBf$yBy]E ~<k p
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=


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A + BuDKCy BuCK Bw + BuDKDyw

BKCy AK BKDyw

Ce + DeuDKCy DeuCK Dew + DeuDKDyw


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#�r i}r�)f)PrnpxEuruiZ�&f$pgy]E yBf$hBe ~&rupx) rwv m�� k � px) r p�! hBr ‖Fl(P, K)‖∞ < γ eso5rwvesruh i}r_)Pruy v�egoGoqi r©C oqegvsrnhByBr0) k vspso}t r X eL�6)fEwvxpso|! hBrnm]E 
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



A>
clX + XAcl XBcl C>

cl

B>
clX −γI D>
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Ccl Dcl −γI
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 < 0 � -��{<
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(

NR 0
0 Ip

)>










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AR + RA> RC>
e Bw

CeR −γIr Dew

B>
w D>

ew −γIp










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(

NR 0
0 Ip

)

< 0

(

NS 0
0 Ir

)>


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A>S + SA SBw C>
e

B>
wS −γIp D>
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Ce Dew −γIr
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NS 0
0 Ir
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R In
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≥ 0

4��
NR

�50
NS

2(4>��+10/�M0<�L���70�&/�%+U-p��+ ��+ K$��+;��4 �X�X�k8 K�� (
B>

u D>
eu

) �>0 (
Cy Dyw

)

�,��+I\?�c250/�M65�%�.�%�70 r
P4W�O�H2c45��+(0J�1���Y�,�d&���2(4>�<�,�c250N�5�O� ' 45� K�#(K7���M0 KA� ��-$45�,K$'qK��d&`�y+,45&I��0J��45� K7�R\[� 4X-�&/�%�.�
S 	 ��\��,#(2c#(K��%�70V'��O���?�u�$0/�<��2(�

X
65#%�<� 
����70 
�� r�� � r F����d0N��&Y&��A���$0/�<�/2c�

X
��+10�K�45����#c�

\ ���

X =

(

S N

N> −M+RN

)

4��
M

�50
N

+ 45�703K$�5�k8����$0J�9�/2c��+gK��g�%���$!w\[&/�%�Y�*0V�%&Y&���+Ha$�W�
RS + MN> = I r�P�$+1�O�I0V�(' �

X

W87#c'q& � �Z��#%!L��&Y�I0V# 
�� r�� �;K��56>�����70g�����;S
	��d���

Ks

')a$�)� �Y&=�%+10)\?4>+<+<�M-�&/�
K��g�,#�+ 4W�WKL� � r

� f$h�vxr� f�o}e
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m�� f�~ vxo|) oqexk vso}f$y'eghBo|A k�y vse �

‖G(s)‖2
2 = min

R=R>,P=P>

tr(R) avec
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

















(

AclP + PA>
cl Bcl

B>
cl −I

)

< 0

(

R CclP

PC>
cl P

)

> 0

f$h

‖G(s)‖2
2 = min

R=R>,Q=Q>

tr(R) avec























(

A>
clQ + QAcl C>

cl

Ccl −I

)

< 0

(

R B>
clQ

QBcl Q

)

> 0
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 f$yBt vso}f$y mBr Ks

i}r eu) k vspso}t rue Acl
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� k yBe�i}r tuk�e�mBh psrwvxf$hBp�m �HEwv k v���f$y k�esruh i}r_)Pruy v u = Kxx

��mBf$yBt iqrneF�1egvFz_)Pr
ruy(��f$h tui}r� r pF)*E�e_�KEutupgoqv �

(

Acl Bcl

Ccl Dcl

)

=

(

A + BuKx Bw

Ce + DeuKx 0

)

#�r ~Bpgf��Bi|z_)Pr H2
egvxk�yBm<k psm rue7v-k�iqf$pse E_! hBo|A k�iqruy vjk�h�~Bpsfo�Bi"z�) r�m�� f$~ vso")Po}esk vxoqf$y �

min
R=R>,P=P>

tr(R)
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(

(A + BuKx)
>P + P (A + BuKx) (Ce + DeuKx)

>

Ce + DeuKx −I

)

< 0

(

R B>
w P

PBw P

)

> 0
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t |<k�y]�$r�) r y v mBr�A k�pgolko�Biqr �
] y	~�f�esr W = P−1 r v Q = KxP

� P E vxk�y v e7vxpgo}t vsr_)Pruy vjm]E�
ByBo}r{~�f�esoqvso|A�r
� P r egvo}y�A$r pseso|�Bi}r �D� ] y]vxpsk�yBex f�pF)Pr ilk�~Bpsr�) o|zupgr o}y]E�� k�i}o vpE+) k vspsoqtuo}r i}iqr+�$p ��tur k h iqr_)*) r
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~BhBo}e#f$y	r�E�rutwvxhBr{i}r t |<k�y��$r_)Pruy vImBr�A k�pgolko� i}r � ] y	pgr vxpgf$h�A�r
���$p���t r{k�h	iqr_)*) r�m rn t | hBp��VhByBr{o}y�E_� k�iqoqvFE ) k vxpgo}tuoqruiqi}r
�B! hBo�r egvu) k o}y vxr y<k�y v#i}oqy]E k�oqp@r y W r v Q

(

WA> + AW + Q>B>
u + BuQ (CeW + DeuQ)>

CeW + DeuQ −I

)

< 0

#�r{t |<k�y��$r_)Pruy vImBr�A k�pgolko� i}r-r egv k�hBesegoGk ~B~Bi}o|! h]E,ªPi}k mBruh�C�o|z_)Pr oqy]E_� k i}oqvFE�) k vxpgo	�
tuo}r i}iqr
�Bk ~BpFz eu)�hBiqvso}~Biqo}t k vxo}f�y ~<k p (I 0

0 P−1

) ª*�$k�hBt |Br r v$ª mBpgf$oqvsr �
� o}y<k i}r_)Pruy v�� iqr�~Bpsf�� i"z_)Pr H2

kqA$r t	pgr vxf�hBpnm��KE vxk v rue7vfE�! hBo|A k�iqruy v k�h!~Bpgf��Bi"z�) r
eshBo�A�k y v �

min
R=R>,P=P>

tr(R)
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



(

WA> + AW + Q>B>
u + BuQ (CeW + DeuQ)>

CeW + DeuQ −I

)

< 0

(

R B>
w

Bw W

)

> 0
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min
Y,X,W,L,F

tr(W )


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





Y I Bw

I X XBw + FDeu

B>
w B>

wX + D>
euF

> W



 > 0

(

R Y C>
e + L>D>

yw

CeY
> + DywL −I

)

< 0

(

S C>
e

Ce −I

)

< 0
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K(s) = L
(

s(I − XY ) − M>
)−1

F
�L6>�(2

M = −Z − (Y C>
e + L>D>

eu)Ce r
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#�ruejesf�i}h vso}f$yBe#k y<k�i�� vso"! hBrueuª tur v �1~�r{mBr{~Bpsf�� i"z_)Pr y�� rDC�o}e7vxruy v$! hBr�m<k yBejvspFz e
~�r h[mBr{t k�e�� r vIeshBp7vxf$h vIkqA$r t�mBr eI~ psf��Bi|z_)Prue#mBr ~&r vxo vxr�v k o}i}iqr �©��= f$hBej~BpFE esruy vsf$yBe
k�i}f$pge#mBruh�C�)*E vs|Bf�m rue#mBr{pFEuegf$i}h�vxo}f�yBejk�i"�$f�psoqvs|])Po"! hBrue !1h o;f�y vI~&rupF)Po}e i8� r esegf$pIm r
i � h vxoqi}o}esk vxoqf$y m rue#~Bpsfo�Bi"z�) r ew#&%('@mBr ~BhBo}e#iqruejk�yBy]E rue �
��Io~��
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@ rwv-k�i|�$f$pgoqvx|�) r�kYE vFE�m]EDA$r i}f$~B~�E{~<k�p n |Bf$p�� = r_)Po}pg~BA1eFG1oqo�r v7M/hBmBoqy ��= f$hBeji}r

~BpFE esruy vsrupsf�yBenm<k�y e{iqr t k�e m�� hByBrPf$~ vso")Po}exk vxo}f�ydmBr ilk^ f$yBtwvxoqf$y f�� �grutwvxo� tuf�yBA�rDC�r
f : V → R

esk�yBe#tuf�y vspxk�oqy vxr
�<~&f$hBp ego")P~Bi}o	
<rup � �q~�� �

MN	��W�&�P�
����� � 	F���R95�,_F�U�g�]�&��
6�R�O�
t 45�M0

f : V → R r
x∗

��+(0"�O� + 4W�O+<b/!��%�LKL�/�%�70CK��
f

�%�
x ∈ V

+9�=�50?+,�>�O&/�%�.�%��0?+9�PB

∀ y ∈ V, f(y) ≥ f(x) + (y − x) x∗

@ r vsvsr y f�vxoqf$y�esr pxA1o}pskPm<k yBe#i � k�i"�$f�psoqvs|])Pr �5i}iqo}~Begfo� m r �
#Q� o}m�Euram r t r v]k i"�$f$pgoqvs|]) r]pxEuego}mBr ruy i}k �oEuy]E pxk vso}f$y m�� h yBraeghBoqvsr m�� ruiqi}oq~Besfo� mBrue
(Ei)i∈N

mBr
V
tuf$y vxr y<k�y vIt |<k�tuh yBr�i8� f$~�vxo")�h]) mBr f �<rwvjmBf$y v iqr�A$f$iqh]) r�t f$y�A$r pF�$rA$rupge ~��

� �q�]SZ
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] y[esrnmBf�yByBr x0 ∈ V

r v P0 ∈ S
m]E 
<yBoqrn~�f�esoqvso|A�r �R@ rui}k yBf$hBeI~�r pF)Pr v mBr�m]E 
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i � rui}iqo}~Begfo� m r E0
�

E0 =
{

x ∈ V | (x − x0)
>P−1

0 (x − x0) ≤ 1
}

f�� x0
~ pFEut o}egr iqr{t ruy vxpgr�mBr{i � ruiqi}oq~Besfo� mBr
��r vIilkY) k vxpsoqtur P0

exk v k�oqi}iqr-r vIesf$y	f$psoqruyD�
v k vso}f$y � E0

m f$oqvjtuf�y vsruyBoqp#i � f$~ vxo|)nh]) ~�f$h pIk esesh psrupIi}r� f$yBtwvxoqf$yByBr�) r y vjmBr{i � k�i|�$f��
psoqvs|])Pr �

x

x

x

Ek

Ek+1

xk

xk+1

~gk

������� J��|��� ' vpEupsk vxoqf$y�mBr i � k�i|�$f$pso vx|])Pr$� iqi}oq~Besfo� mBr

� �q�]SZ
����i� �
] y(A k tuf�yBegvspshBoqpsr hByBr yBf$h�A�rui}iqr rui}iqo}~Begfo� m r Ek+1

tuf$y vsruy<k�y v i � f$~ vxo|)nh])��]ª ~<k�p7vxo}p
mBr i � rui}iqo}~Begfo� m r Ek

�
n o5i � f$y tuf$y eso}m�zupsr iqrnesf$h eL�«��pxk�mBoqruy v gk

m r f k�h ~&f$o}y v xk
��tur i}hBo � tuoGyBf$hBe ~&rupF)Pr v

mBr ~<k pgv kc�$rup
V
r y�mBr h�C mBr_)Po	� rues~Bk�tur e��;hBy�tuf�y vsruy<k y vni � f$~ vxo|)nh])���r v hBy�k h vxpgr

yBr�i}r tuf$y vxr y<k�y v ~<k�e�� i � ruyBegr_)0� i}r V =
{

x ∈ V | g>
k (x − xk) ≤ 0

} t f$y vxoqruy v i}r
) oqyBo")nh�) mBr f esh p V

�B~Bk�p#m]E�
<y oqvxoqf$y�mBh�esf$h eL�«��pxk�mBoqruy v �©�
] y�~&ruh�v ) k o}y vxr y<k�y v m]E 
<yBoqp hBy�ruiqi}oq~Besfo� mBr Ek+1

t f$y vxr y<k�y v Ek ∩ V ���$psoqeFE eghBp i}k

1�$hBpgr J��|� �©� xk+1

r v Pk+1
egf$y vjmBf$yBy]E eI~Bk�p �

xk+1 , xk −
Pkgk

(m + 1)
√

g>
k Pkgk

Pk+1 ,
m2

m2 − 1

(

Pk −
2

(m + 1)g>
k Pkgk

Pkgkg
>
k Pk

)

f�� m = dim(V)
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] y"~�r h vf) f$y vspsrupY! hBr�i � f$y"k volume(Ek) ≤ e−1/2mvolume(E0)
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mBrue#k�y y]Eur e Io~ � �o��� � �5i}i}r e@f$y vwEwvpE-psk�~Bo}m r_)Pruy v#k�mBf�~ vpE rue�� mBh^ Sk�oqv@mBr-iqruhBp ~&rup� f$pL�
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V → R
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φ
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Ω = {x|F (x) > 0}
�
∀ (xn)n∈N

∈ ΩN
0N��&=a$�W�

lim
n→+∞

xn = x∗ ∈ ∂Ω
'q��&/45�9+g45� �

lim
n→+∞

φ(xn) = +∞

n o�hByBr-vxr i}iqr$ f$yBtwvxoqf$y��<k�pgpso"z psr-r©C�o}egvsr
�Vk�iqf$pse�f$y ~�r h v vxpsk�yBe� f$pF)Prup y f�vxpgr�~Bpsf��
�Bi"z�) r mBr¥)Po}yBo|) oqexk vso}f$y�egf$hBe-t f$y vxpsk�o}y vxr yBf$ydm o�EREupsr y vxolkc�Bi}r{ruyd~ psf��Bi|z_)Pr m � f$~ �
vxo")Po}esk vxoqf$y m o�EREupsr y vxolkc�Bi}r�yBf�y�t f$y vxpsk�o}y v �<r y�)Po}y o")Po}exk y v�esh p

V
ilk0 f$yBtwvxo}f�y �

x 7→ tf(x) + φ(x)

t rue7vIk�~B~&rui"E �$^��9^ ��������� � � ��
��7^�� � �(^ �,� 	$� �
] y!~�r h v*) f�y vspsr p$� < � !1h r�i}ka f$yBtwvxo}f�y �Bk�pspgo"zupgr�eshBo�A k�y vxr�rue7vPhByBr� f$yBtwvxo}f�y

~�f$egeso|�Bi}r�~&f$hBp i}k pxEuegf$i}h vso}f$y�m h	~Bpgf��Bi|z_)Pr�mBr� Sk�o}esko�Bo}iqoqvFE �

φ(x) =

{

− log(det(F (x))) eso x ∈ Ω
+∞ ego x 6∈ Ω
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psf�A�rwv � f1mBm �

� n r � hU%	o���m]E�A�ruiqf$~B~�E]~<k�p � � n vshBpF)��k!1h o-esrdpxE�A�rui}iqr �wvxpsr[~<k�pF)Poji}rue ~Bi}h e
~�r px f$px) k y vse mBruejesf�i|A$r hBpseu#5%�'= f$hBe k�iqi}f$yBe{vxpsk�oqvsrupnhBy!~Bpgf��Bi|z_)Pr y h])*Eupso|! hBr�tuf$y tupsrwvfªd~<k�pgvso}pnm r�ilk�#5%�'@ f$y vxpsf�i � f1f$i"�&fqC�~&f$hBpu%[k vxilkc� �

� ��� � 	 % #�� 5
#�k¥#5%�' @ f$y vspsf$i � f1f$i|��fqCPrue7v hByBr$��f��}vxr$ª�f$h�vxo}iqe�~&f$hBp/pFE esf$h mBpsr-y h])*Eupgo"! hBr �

) r y v m rue ~Bpsfo�Bi"z�) r e���Euy]E pxk�h6C]esf�hBe� f$pF)nh ilk vso}f$ya#&%(' � �5i}i}r+ f$hBpsy oqv�mBr e f$h vxoqi}e
eso")P~Biqrue r v ~�r px f$px) k y vse ~�f$h p{i}k�eg~RE tuo	
<t k vso}f$y r v ilk�) k�yBoq~BhBilk vxo}f�y]mBr #5%�' ��rwv
hBy �
	���
�����~�f$h p i}rue vspsf$oqe ~Bpsfo�Bi"z�) r ew#&%(' ��E y]Eupgo"! hBrue �n f$y(�Bh vj~BpsoqyBtuoq~<k�i�ruegvjmBr � �
< � �

� ~�r pF)Pr vgvxpsr h yBr#mBruegtupsoq~ vxoqf$y mBo}pgrutwvxr m�� hByBru#5%�' � ruy m]E 
<yBoqesexk y v�mBr ) k�yBo|zupsr
y<k vshBpsr i}i}r�t |Bko! hBr+� i}f1t
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] y t |Brupgt |Br0ª pxEuesf�hBmBpsr{i}r�~ psf��Bi|z_)Pr-esh o|A k�y v�� �
< � �

min
X∈Ω

Tr(X)

k�A�rut
Ω =

{

X ∈ R
3×3 | A>X + XA + XBB>X + Q < 0

}

r v

A =





−1 −2 1
3 2 1
1 −2 −1





B =





1
0
1





Q =





1 −1 0
−1 −3 −12
0 −12 −36





] y]pFE�Eut psoqv-m�� kc��f$pgm]i}rn~ psf��Bi|z_)Pr�egf$hBe� f$px) r¥#&%(' ��kqA�k y v m rn~�f�h�A$f$oqp-i}r pFE �
esf$hBm psr{y1h�)fE pso"! hBr�) r y v �

min
X∈Ω

Tr(X)

k�A�rut
Ω =

{

X ∈ R
3×3 |

(

A>X + XA + Q XB

B>X −I

)

< 0

}

#�k�pxEuesf�i}h vso}f$y m�� h y�~Bpsf�� i"z_)Pr�#5%�'/kqA$r t�ilk0#5%�' @ f$y vspsf$i � f1f$i"�&fqCPesr� Sk�o v@r y
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�+��� % �(������ $���M"$�X"$���$�;�,�����+��� % �������$�L";�
��*,����� � �����(�$�(� ���+�����+� B�� �������$��8� ;���R8 
 V���8 � 8 "�� � ��*+� 
 �������$� � ����� 
 �(��� "$� ? 
 ��� 
  ;� �
������* � � �$� DK
 ��� � � R

���+����� B�� �N� 
 ����� � �����(� x D *+���
�$� x>x < R2 �0@,� B�� � % �,��89�+�
"�� �+8 % �,@4O;�,��"�� 
ED �����R"$�+�R����� � �������;� 
ED �+@ � �$�.�$����8.������H,� J � 
 �$"$� �!��� 
2% ��*+@,�������(�
���,� 
 ��� D �Q� � �S� 
�DK
 ��� � �U� % ����8 
 ��� "$�W��� �� 
��+@+��� ? �$�+��@(3

�#"�� $&%('*)*+��(, %-%.)*%(, 	0/�%

	 ������� � 
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�

1 �N@4O$�,��@4O$�R";� � V28 
 ������@+�,�I���&89*+����� B�� �+� X ∈ R6×6 �+� S ∈ R4×4 � 
ED �+@ S
";�

� 
 ? ����89� �

S =









s1 0 0 0
0 s1 0 0
0 0 s2 s3

0 0 s3 s4









���,��� B&� �
(

A>X + XA + C>SC XB

B>X −S

)

< 0

X > 0
S > I

)�)
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�OP����� ��M���/���A �����
������9��
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����N�Z�`V #W4�XF+

�O��i� Z��������
	�����0�����/�9�� Z���Z�ZQ����
[ " ���N��Y����\V ',]�#^B '94�XF+ � [ ����
OQZ���8����
����Z ��0�?o���i�
����C��Q�� B � B ��Q����� ����$��Q��
�Z" ���N��Y����\V ',]�#^)A7=+g)*'94�XF+ � � ����
OQZ���8����
����Z ��/��Y��� ) j����� Z� ���
� l �����
Q��

�0��� ' ���3����
*�Z ������������ ] ��� ) �?���3�?o���i�
����K��Q��2P������9�

� ' �����MS�TNU
U ;�'�" ����a����N� +
���N��
������$V # U ;�'A'2' [ 4�]e'�]^!�]Z: � :6X`+ � !�: [ f [ !
���N��
������$V # U ;�'A'2' ��4�]���:Z]���X`+ � �\: ���
���N��
������$V # U ;�'A'<) [ 4�]e'�] 5 X`+ � [�5
���N��
������$V # U ;�'M)2) ��4�]6%�',]e'�X`+ � %��

� ) �?���MS�TNU
U ;Z)�" ����a����N� +
���N��
������$V #&% U ;Z) '2' [ 4�] ',]e'�X`+ � 7�� [ V � : ���m��� % U ;Z)�X

� - �?���MS�TNU
U ;�-Z" ����a����N� +
���N��
������$V #&% U ;�-_'2' ��4�] ',]e'�X`+ � �
���N��
������$V # U ;Z-_'2'h7�4�]e'�X`+ �*U

�OR��9�3���3���hP������?��i�
���������
������
S�T	U "�l ��
����N��� +

�#"�� ���
	�� +�
 %('���� %���� �

1 � �!V�������� � �$� 
(� ����� ? 
�� ���M"�� *+@,������� � � �����G��H+8.�<"�� * B&�$
 �������$� -0/21 
 D �,@W/0� � �
- ��� 5
����������� �=�&���� �EV 3 1 �=�(� 
(J � �P"�� � �����������+� �"� *+"$����� � �T"$��-=/>1 � "$��� % ���;�� $��� J ���(@+�
# � 
 @+��898 
 �;"$� ���N�
������
 � 3U5
�+� � � � @,�
�,���.@,�(�$������� � *2"�� � �;�>�������,� ? 
 @,� J � 
(% O$� B&� �

)  



B&� � % �+��89�+�W"$�L� % *+@,�
�$�,�Q���+�W-=/>1P@+��8.89�R";�,�W�!V % ���,���������;��8 
 ������@+���,�����+� ����8R � �
��� B�� �+�,365
�,� 
 % �+��89�+� � �$� � 
 �������M";�M8 
 �$��H+��� % � � ������� � ����� D �9�+�R�  9@ 
 @+� B�� � 
ED �,@
���,� @,��898 
 �$"$�+� ���N��
������ �!� ���N��Y���� � 8 
 ��� @+�,�<"$�+���$���,���P���(��� % � � � %$� ����� 
 �����<�!�
� �!V��� ;���,�+3
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M1 �����,� ? 
 @,� J � 
(% O$� B&� � ���N�
������
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� 
 �$�
� 
 ��O$*,�������S"$� � 
 @,��898 
 �$"$�������,� -=/>1 
�� � �+���(��";� %$� ��� B�� �+� B�� �+� 
 �$�$*+�,� �
� �R�������)��8 % ���G� 
 ��� � �+�����+� % �+��89�+�����,��� � �$� ? ����8 � � 
 �����(� � �$���F*,�#"$�# �����;��8� $��� ";�
% ���� ;��H,89�,�T"$��@,��898 
 �$"$�W"$�,�P���&����H,89�,�<�����$* 
 �����,�(�F�+� ���,� ��� 
 �;� ? ����8 
 ���T�,� % ��� �
 $��H+8.�L"�� � % ����89��� 
 ������� ��� � �:@,������� 
 �������,�Q@,�(� D �!V��,�+3 � �����,�Q@+���$������� � �,��� #X@,�L��� �����
� �.� � �����;@,�+����� 
 �F�,� 
(� ����8 
 ��� B�� � �(�!�#@,����";� %$� ���#��� 
 D H,�$�+8.�+��� "�� 
 � J ��������O;8.�+� % �,���
? ����8 
 ����� % �,��8.�!��� 
 ���T��� � �I��*,���(� � �������X� � 89*,��� B�� �(3
1 �A�!V����G���W@,� % �+�$" 
 ��� "$�,� % ���� $��H+8.�+�I"$�W@,��898 
 �$"$�P��� � ��# ? 
 ���U��8 % ���G� 
 �����U"�� � �
% �������)"$� D�� � % � 
 ��� B�� � �C���,��� B�� �I���+� % ���� $��H,89�,�="$�U@,�(8.8 
 �$"$� H2

� � H∞

#P�(��"$���
�+� #:�G��� � @+� � ��� ��V;*+�(�&� 
 @,�(8.8 
 �$"$�S8 � ������8.�&"$H+�����C���S"$��8.�+�$�������$�$�+8.�+���#� % ����8.����*
"$�W���&����H,89�,�(�=3 3�3
5
�,� % ���� ;��H,89�,� ? �(���N�������,� D �+�$��� � �;� @+� 
 ����� % � � � J *,�;*,� 
 ��� "�� ���$* J�
 ������*+� 8 
 ����� �
@,���+�����,� �$���,�S���$* J�
 ������*+�
8 
 ������@+���,�����+�
 $�������;* 
 �����,� �
��� �"!$#&%'#)(	! *,+.-/#101#2!436587:9;5<%=7>#)?A@B!C3ED�F45G01#)%IH"JKCLNMPORQTSVU/4EW/SXLNY.ZE[]\_^a`bYcQd[<`2e�^1fg^)Mg\h\1MiOj^&[]k:LNM�lmMgno`pWqLNMrfc4'L	`2eg[>^_L	`bMms8Mc\t[/uI4=e.v�Mxw

F (x, y) , F0,0 +

p
∑

i=1

xiFi,0 +

q
∑

j=1

yjF0,j +

p
∑

i=1

q
∑

j=1

xiyjFi,j > 0
�1y;3
�'�

4Ez {
x = (x1, . . . , xp) ∈ Rp | y = (y1, . . . , yq) ∈ Rq n 4'L	`V\)Mgn 6B[>e.^&[<}]\1M~n�s<Ms8Y�f~^_n�^/4'L8n{
\1M~n

Fi,j � 4EWqe
1 ≤ i ≤ p

M'`
1 ≤ j ≤ q

n,4'L	`�s8Mgnpv�[<`2e�^1f�M~nRnb�<v�Y'`2e�^1�<WEM~nrs8M
Rn×n

1m� "8�h���~� � J��8�m� #/� � ���.�A" �B� V���� %N� � " �W%8�����8� H,8 � � �
• � 7>(��$01�E��3T�43���5G#1��58�$#201#&%=�

� �.���;Dq���i� � � � ���_� �.� � � (x, y) ∈ Rp × Rq # � � �I/>1 F (x, y) > 0

)qy



• � 7>(��$01�E��3r�43x� #1!$#1� #1��5<%'#)(	!�� � FC!T(�����3��q%'#1� 02#1!4�E58#17'3m��(	FC����(	!N%=7'5G#1!C3-/9;@
max

(x,y)∈Ω
C>

x x + C>
y y

� Dq� @ Ω = {(x, y) ∈ R
p × R

q | F (x, y) > 0}

� � � � � � B6� � � � � -=/>1 � � � � � � �I/21 % � � �~��@ �8� ��H ��� �2� D�� @ Fi,j = 0
� %	���8� 1 ≤ i ≤

p � � 1 ≤ j ≤ q
�!3 � �R%8�h� �(� @ �B� �~�q� � � � �I/21 % � � �.��@ �8� ��H �.� � %	����D�� � � � � �.� � � � � � ? �q� �

8.* � � � � -=/>1 % � � @4O8� � J�� 8 � � ����� � � @ � �8� �8� � �q�2% � � * � ��8 � � �]�.� � � � �QD � � �_� �8�_� �,3
� � � � �h� @��q� J * � * � � � � � � %8�.�q�8� H+8 � � � ? �q�_�.� � � � �h��* �I/>1 @ ���.��� � %N� � � # � � %8�.� ��8� H+8 � � � 8 � � ��8 �_�.�]�~� � � ��� � � � ? � � @B�.� � � � ��@ � � D�� V � � �8�

Rp × Rq � %	���8�:�h�,B6�8���� � � � � V �_� � �9% �q�	� � 8.* ��O � � ��J * � * � � �_� � �h� � %8�.���<� H,8 � � �I/21m� %$% � � �~� � �8� � � � # � �
@ � �]�.� � � � �j���E����H,8 � � � � �
�8�  9@�� �h� ��� � � @c� � � � � V �_� � �P% �q����� � ��J���� � ��O$8 �U%	��� � � � 8 �_� �
� ��� *B� ���h� �~� � � � � � �I/>1��!�68��q�h�V� � � ��� %	� �.��� �8�h� ��� ��� � � � � � � � �/� ���_� �~� � � � � %;%8�.� �
@4O$* � � � �'%�� 3
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� "�� � 367 %.)*%(, � / %
� ���8�����8� H�� �m� ��� �_� � � � D � � ���

1m� �8�h� �	� � � �
� � � ���E����H�� � G
� ��� H�� �m��� � �.�

G(s) =
gω2

n

s2 + 2ζωn + ω2
n

� ���
� � � ���+J��8� �>� ���<� K
� � ��� �.� @ � �8�����! � �

K(s) =
1

Tis
+ Kp

1m� � �"�#�N� � ��� �R@ � �<� ���_� � @ �E�  9@B� � � �.� Ti
� � Kp

� � @ � �$�,J��8� �]� �B�8�&%'� � �(�8� �(@ � � � � �
� �)� � �h� � � �$*E����H�� �,+T� �$H �_�.-0/1�+J��8� �]� �B�8�3254
1m� �8�_� �N� � � �
� � � � � �;H �_� � �c����67�B�.� � @ � Mref

� � � � � � � � �.� �.�c� � 
 ��� � ���j� � �8�$� � � � ���
#M@ ���8�.� @ � �.� � � ���+J��8�8� � � � �
� �q� � � � � �p� � � � �;H �_�r�h���8�h� � �8�.� @39 �:% � � � � � � � � � �� ��� � � H∞

2 � � � � �$H �h� � �r���.67����� � @ �;2.4
1P� �8� �N� � �m� � �8�$� � � � �.� P

� �x� � 6)��� � � �

P (s) =
b

s
+ d

1m� @39 �B� @39 � � � � @=< ��� � ��� � �.�x�_���8�����8� H�� � � � � D � � ���
min
b,d

‖M(s) − Mref (s)‖∞

>@?



1P� @o� � @ �8�h� M(s)
�

M(s) =
G(s)P (s)

1 + K(s)G(s)

=
gωn(ds + b)

s3 + 2ζωns2 + (1 + gKp)ω2
ns + gω2

n

Ti

1m� �N�B� � D�� � � � � �q� �_�h���8� � � B6�8� � ��� � � � � �8�h� �	� � � � � � � �_� � x � y � � z � D �B� ����� � �
x + y + z = −2ζωn �

� �h��� � � � �	��� �c� � � � �.�
� �B� Ti
� � Kp

�

Ti =
−gω2

n

xyz
; Kp =

xy + xz + yz

ω2
ng

−
1

g

1P� �N�B� ��� �h��� � � @ � � �.� � � � �.� �$*E����H�� � � ��� � � � �.�5- � �.� @ � �.� � � - / �,Jq�8� �]� ���8� � �q� �� � �)6)��� � � �
� � �~�]���

A =





0 1 0
0 0 1

−gω2
n

Ti
−(1 + gKp)ω

2
n −2ζωn



 B =





0
0
1





C =
(

gω2
nb gω2

nd 0
)

D =
(

0
)

� �x� �,����� � ��� � ��H �.� � � � �	��� � � � � � � �i�_� � � �]� � ��@ � ���
� � �~�]� Aref � Bref � Cref� � Dref
� � � � �$H �h� � �r���.67���.� � @ � 4

1P� �N�B� ��� � � @ � � � � � � � �.�r�_� � ���]� � ��@ � ��� � � �g�]�.��� � � � �;H �_� �8��� ����� � @ �
∆M(s) = M(s) − Mref(s)

� �r�.���<��� � � � �g�>�~� � � �
� � �~�]� ∆A � ∆B � ∆C � � ∆D 4 1P� � �

∆A =

(

A 0
0 Aref

)

∆B =

(

B

Bref

)

∆C =
(

C −Cref

)

∆D =
(

D −Dref

)

� � �h� B6�8� �h� @�� � @ �8� � � � � � ��� � � H∞

� � � � �$H �_� �8��� ����� � @ �,�	��� � � � � � � � � � �.�� ��� � 6)��� � � � � � � �8�.�q�8� H�� � @ � � D����<� � ��� � @ � � � � �]� � � � � +  � � @ � � D�� � � -X�h� �

‖∆M(s)‖∞ = min
γ,X>0,X=X>

� ��� � � ��@ � � � � �q� � � �




∆A>X + X∆A X∆B ∆C>

∆B>X −γI ∆D>

∆C ∆D −γI



 < 0

>	�



1P� � � @ � � �N� � � ∆C
� �x� �,��� � ��H �.� � � � D � � � � �

∆C = C1 + Y C2

���
C1 =

(

0 0 0 −Cref

)

C2 =

(

gω2
n 0 0 0Cref

0 gω2
n 0 0Cref

)

� � ��� Y � ��� � � � � �q�;D��B�_�_� � � @ � �8� �8� ���]� � ��@�� �B�_�h� � � � � � �.� � +  
% Y ��� � @ � �h� Y =

(

b d
) 2.4

�c� � ���
� �	���8� � �����;D��B�V�h� � � � � �@�.H � ��� � b � � d

� � �8�����G� � �.� � �B� � BE�<� � � � �q� � �
H∞

� � � � �$H �_� �8��� ����� � @ � � � �h� � � �8�_� � 6 �q� �<�_� � � � 6 � � � ��� � ��� � ���P�_�1�8�����8� H�� � � �q� �
@ � � � � �q� � � � � +  � � � D � � � �

min
γ,X=X>,X>0,Y

γ





∆A>X + X∆A X∆B C>
1 + C>

2 Y >

∆B>X −γI ∆D>

∆D C1 + Y C2 −γI



 < 0

�����	�
� �
�	���
1P� �8�.� � � � � � �G� � � �_� � � �.� �h� @o�q� � � � D � � �~� � �h� � D � �_�B�8� � � � � ��� � B6�8� �j� � � D � � � � ���

g = 1 ωn = 1 ζ = 1

1m� @ � � �.� �$H ��� ��@�� �h� � � �$H �_� � �r�$��67����� � @ � �
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