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Abstract: The pole-sensitivity approach is an interesting way to analyze the
stability of discrete-time control system with a Finite Word Length implemented
digital controller. Previous works have introduced a pole-sensitivity stability
related measure in this context, and applied it to shift or δ-realizations.
This paper generalizes then by considering a more general representation, a
particular implicit state-space realization, which is recently known to encompass
both classical shift or δ-realization, as well as other interesting parametrizations.
Finally, the problem consisting in finding realizations optimizing the FWL closed-
loop stability related measure is considered.
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1. INTRODUCTION

Analysis of the effect of quantization and round-
ing in digital controllers is an important topic.
The Finite Word length (FWL) implementation
of digital systems or filters may alter their be-
havior, leading sometimes to instability. The de-
terioration however is not intrinsic and depends
on the parameterization used during implementa-
tion. One objective is then to find the best parame-
terization, minimizing the deterioration according
to pertinent indicators such as parametric sensi-
tivity and pole-sensitivity measures (Gevers and
Li, 1993; Istepanian and Whidborne, 2001).
In a previous paper (Hilaire et al., 2005b), the
authors have proposed a new framework, unifying
different parameterizations possible for implemen-
tation. Using a specific implicit state-space rep-
resentation, it encompasses shift, delta, observer-
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state feedback realizations, and many others. How
to generalize the stability related measure, first
proposed by Li (1998), in this new context is the
aim of the present paper. The problem of its com-
putation will be considered. Finally, the problem
will consist in finding an optimal parameterization
according to this criteria.
This paper first presents the pole-sensitivity sta-
bility related measure in the classical state-
space case. Section 3 exhibits the implicit state-
space realizations. Section 4 generalizes the pole-
sensitivity stability related measure in this new
framework, and section 5 explains how to search
parametrizations that optimize this measure. Fi-
nally, section 6 presents the results obtained with
different realizations on a fluid power speed con-
trol system and section 7 concludes.



2. A POLE-SENSITIVITY STABILITY
RELATED MEASURE

In (Istepanian and Whidborne, 2001; Chen et
al., 2002; Wu et al., 2000), the FWL impact of
closed-loop realizations is studied. The question
to be answered is : how much the digital approxi-
mation of the controller coefficients (due to FWL
quantization) affects the closed-loop stability of
the system.
A strictly proper discrete plant P is considered
and (Ap, Bp, Cp) is one of its realization. The
input/output equations are

P
{

Xp
k+1 = ApX

p
k + Bp(Rk + Yk)

Uk = CpX
p
k

(1)

P

C

+Rk

Yk

Uk

Fig. 1. Block-diagram of the closed-loop system

This plant is controlled (see figure 1) via a discrete
LTI controller C, with realization (A,B,C, D) :

C
{

Xk+1 = AXk + BUk

Yk = CXk + DUk
(2)

A representation of the closed-loop system is then{
X̄k+1 = ĀX̄k + B̄Rk

Uk = C̄X̄k
(3)

with

Ā ,

(
Ap + BpDCp BpC

BCp A

)
B̄ ,

(
Bp

0

)
C̄ ,

(
Cp 0

) (4)

Let X =
(

D C
B A

)
represents the realization or the

parametrization in the sense used in (Gevers and
Li, 1993) and λi(Ā(X))16i6l+n be the eigenvalues
of Ā(X).

The Pole-Sensitivity Stability related Measure
(PSSM), previously proposed, evaluates how a
modification ∆X of the implemented parameters
X can cause a system instability : it is determined
by how close the eigenvalues of Ā(X) are to 1 and
how sensitive they are to the controller parameters
perturbations. It is defined by :

µ(X) , min
k6l+n

1−
∣∣λk(Ā(X))

∣∣
√

NΨk

(5)

where N is the number of non-trivial elements in
X (non-zero elements in ∆X) and Ψk is the pole
sensitivity of the closed-loop with respect to the
parameters :

Ψk ,
∑
i,j

(WX)i,j

∣∣∣∣∣∂
∣∣λk(Ā(X))

∣∣
∂Xi,j

∣∣∣∣∣
2

(6)

=

∥∥∥∥∥∂
∣∣λk(Ā(X))

∣∣
∂X

×WX

∥∥∥∥∥
2

F

(7)

× is the Schur (or Hadamard) product, ‖.‖F the
Frobenius norm and WX is the weighting matrix
associated to the realization matrix X, defined by

(WX)i,j =

{
0 if Xi,j is exactly implemented
1 if not

It allows to ignore the coefficients that do not
contribute to the FWL deterioration (these coeffi-
cients are those that are exactly implemented, like
0, ±1 or power of 2). This is also a sparseness con-
sideration because the computational effort could
be less with those coefficients.

This measure could be directly linked to an es-
timation of the smallest word-length needed to
implement the controller that can guarantee the
closed-loop stability in a fixed-point or floating-
point processor (see (Wu et al., 2003)).

3. IMPLICIT STATE-SPACE FRAMEWORK

(Hilaire et al., 2005b) highlights the interest of the
implicit state-space representation in the context
of FWL implementation problems and proposes to
use a specialized form directly connected to the in-
line computations to be performed. It can be used
as a unifying framework to allow a more detailled
(still macroscopic) description of FWL implemen-
tations. Various structures of realizations, like q
or δ-realizations, Observer-State-Feedback forms,
classical forms like Direct Form I and II (and
also mixed structures) may be then described in
a single unifying form.
Equation (8) recalls the specialized implicit form
proposed that makes explicit the parametrization
and the intermediate variables used. J 0 0
−K I 0
−L 0 I

Tk+1

Xk+1

Yk

 =

0 M N
0 P Q
0 R S

Tk

Xk

Uk

 (8)

where

• the matrix J is lower triangular with 1 on the
diagonal

• Tk+1 is the intermediate variable in the cal-
culations of step k (the column of 0 in the
second matrix shows that Tk is not used for
the calculation at step k : that characterizes
the concept of intermediate variable)
• Xk+1 is the stored state-vector (Xk is effec-

tively stored from one step to the next, in
order to compute Xk+1 at step k)



Tk+1 and Xk+1 form the state-vector : Xk+1 is
stored from one step to the next, while Tk+1 is
computed and used inside one time step.

It is implicitly considered throught the paper that
the computations associated to the realization (8)
are ordered from top to bottom, associated in a
one to one manner to the following algorithm :

[1] J.Tk+1 ←M.Xk + N.Uk :
calculation of the intermediate variables. J is
lower triangular, so T

(0)
k+1 is first calculated,

and then T
(1)
k+1 using T

(0)
k+1 and so on ...

(There’s no need to compute J−1)
[2] Xk+1 ← K.Tk+1 + P.Xk + Q.Uk

[3] Yk ← L.Tk+1 + R.Xk + S.Uk

(Steps [2] and [3] can be changed around : the
computational delay could be reduced by evaluat-
ing Yk first).
J beeing nonsingular, equation (8) is equivalent in
infinite precision to the classical state-space formTk+1

Xk+1

Yk

 =

 0 J−1M J−1N
0 A B
0 C D

Tk

Xk

Uk

 (9)

with

A = KJ−1M + P (10)

B = KJ−1N + Q (11)

C = LJ−1M + R (12)

D = LJ−1N + S (13)

However, (9) corresponds to a different parame-
trization than the one in (8).
The transfer function considered may be then
defined by

H(z) = C(zIn −A)−1B + D (14)

In the following, a realization will be defined in
the implicit form by its parameters used for the
internal description

R :, (J,K, L, M, N, P,Q,R, S) (15)

It could also be equivalently written in a compact
form with parameter Z, with

Z ,

−J M N
K P Q
L R S

 (16)

A ”structuration” will be a subset of realizations
with a special structure : some coefficients or
some dimensions of the realization matrices are
then a priori fixed. For example, a δ-realization
can be written using the shift-operator with the
implicit proposed state-space form (see (Hilaire et
al., 2005b)) : I 0 0
−∆I I 0

0 0 I

Tk+1

Xk+1

Yk

=

0 Aδ Bδ

0 I 0
0 Cδ Dδ

Tk

Xk

Uk

 (17)

So a δ-structuration is the subset of realizations
R where

R := (I,∆I, 0, Aδ, Bδ, I, 0, Cδ, Dδ) (18)

4. STABILITY RELATED MEASURE
APPLIED TO IMPLICIT STATE-SPACE

FRAMEWORK

If the numerical FWL description of the con-
troller C is written within the Implicit State-Space
framework (8), we can extend the pole-sensitivity
stability related measure, and then evaluate the
measure according to different realizations.

Let Z be the matrix of an implicit state-space
realization (Ā depends on Z through equations
(4) and (10) to (13)). Let also (λk)16k6l+n denote
the set of the l + n eigenvalues of Ā(Z).

In this new context, the PSSM may be written as

µ(Z) = min
k6l+n

1− |λk|√
NΨk

(19)

where N represents again the number of non
trivial elements ( N = ‖WZ‖2F ) and

Ψk =
∥∥∥∥∂ |λk|

∂Z
×WZ

∥∥∥∥2

F

(20)

The computation of µ(Z) requires the evaluation
of ∂|λk|

∂Z . This can be done thanks to the original
result of proposition 1 below.

Lemma 1. (Li, 1998; Istepanian and Whidborne,
2001)
Let us consider a differentiable function f :
Rm×n → C, and two matrices M ∈ Rm×n and
X ∈ Rp×q. Let M0, M1 and M2 be constant
matrices with appropriate dimensions, then the
following results hold

• if M = M0 + M1XM2, then
∂f(M)

∂X
= M>

1

∂f(M)
∂M

M>
2

• if M = M0 + M1X
−1M2, then

∂f(M)
∂X

= −
(
M1X

−1
)> ∂f(M)

∂M

(
X−1M2

)>
Proposition 1. Due to the relation between J , K,
L, M , N , P , Q, R, S and λk, the sensitivity of
|λk| with respect to Z is given by

∂ |λk|
∂Z

= M̄>
1

∂ |λk|
∂Ā

M̄>
2 (21)

with

M̄1 ,

(
BpLJ−1 0 Bp

KJ−1 In 0

)
(22)

M̄2 ,

J−1NCp J−1M
0 In

Cp 0

 (23)



Proof:
• let Y ∈ {K, L, M, N, P,Q,R, S}, it is clear that
Ā depends linearly on Y (Ā = M0 + M1Y M2).
The lemma 1 leads then to :

∂ |λk|
∂K

=
(

0
I

)>
∂ |λk|
∂Ā

(
J−1NCp J−1M

)>
∂ |λk|
∂L

=
(

Bp

0

)>
∂ |λk|
∂Ā

(
J−1NCp J−1M

)>
∂ |λk|
∂M

=
(

BpLJ−1

KJ−1

)>
∂ |λk|
∂Ā

(
0 In

)>
∂ |λk|
∂N

=
(

BpLJ−1

KJ−1

)>
∂ |λk|
∂Ā

(
Cp 0

)>
∂ |λk|
∂P

=
(

0
I

)>
∂ |λk|
∂Ā

(
0 In

)>
∂ |λk|
∂Q

=
(

0
I

)>
∂ |λk|
∂Ā

(
Cp 0

)>
∂ |λk|
∂R

=
(

Bp

0

)>
∂ |λk|
∂Ā

(
0 In

)>
∂ |λk|
∂S

=
(

Bp

0

)>
∂ |λk|
∂Ā

(
Cp 0

)>
• Ā depends linearly on J−1, then :

∂ |λk|
∂J

= −
(

BpLJ−1

KJ−1

)>
∂ |λk|
∂Ā

(
J−1NCp J−1M

)>
These equations can be written in the compact
form (21) with

∂

∂Z
=


− ∂

∂J

∂

∂M

∂

∂N
∂

∂K

∂

∂P

∂

∂Q
∂

∂L

∂

∂R

∂

∂S



The practical computation of ∂|λk|
∂Ā

will be done
according to proposition 2 :

Proposition 2. (Gevers and Li, 1993; Wu et al.,
2003) Let M ∈ Rn×n be diagonalisable. Let {λk}
be its eigenvalues, and {xk} the corresponding
right eigenvectors. Denote Mx ,

(
x1x2 . . . xn

)
and My =

(
y1y2 . . . yn

)
, M−H

x . Then

∂λk

∂M
= y∗kx>k ∀k = 1, . . . , n (24)

and
∂ |λk|
∂M

=
1
|λk|

Re

(
λ∗k

∂λk

∂M

)
(25)

where .∗ denotes the conjugate operation, Re(.)
the real part and .H the transpose conjugate op-
erator.

Equations (21), (24) and (25) allow the evaluation
of Ψk and µ(Z) of any realization written in the

implicit state-space formalism.
Previous results on the PSSM with shift or δ-
realizations (Wu et al., 2000) can be found again.

Denote ∂|λk|
∂Ā

=
(

αk βk

θk λk

)
, with a partition corres-

ponding to the block partitioned structure of Ā in
(4).
In the shift realization case :

Ψk = ‖λk‖2F +
∥∥θkC>

p

∥∥2

F
+
∥∥B>

p βk

∥∥2

F
+
∥∥BpαkC>

p

∥∥2

F

and in the δ-realization case :

Ψk = ∆2 ‖λk‖2F + ∆2
∥∥θkC>

p

∥∥2

F
+
∥∥B>

p βk

∥∥2

F

+
∥∥BpαkC>

p

∥∥2

F

5. OPTIMAL REALIZATION

Then, since the PSSM could be measured for vari-
ous equivalent realizations, it could be interesting
to find realizations with a maximum tolerance to
FWL stability related perturbation.
Let RH denote the set of equivalent realizations
of the transfer function H. The optimal design
problem according to the FWL stability related
measure consists in finding Ropt such that :

Ropt = arg max
R∈RH

µ(R) (26)

It is also possible to consider only a subspace of
it, by considering specific structured realizations
(a structured realization is a realization organized
according to a structuration S). The optimal
structured realization design problem according to
the PSSM will then consists in finding

Ropt = arg max
R∈RS

H

µ(R) (27)

Some structured realizations set RSH could be
defined as the set of realization obtained from a
similarity transform of an initial realization R0 :=
(Z0) (see (Hilaire et al., 2005a)) : RSH is the set of
realizations R := (Z) such that

Z = T1Z0T2 (28)

with

T1 =

U
T−1

Ip

 , T2 =

V
T

Im

 (29)

The closed-loop matrix for the realization R :=
(Z) can be expressed from the closed-loop matrix
for the initial realization R0 := (Z0) as :

Ā(Z) =
(

Il

T

)−1

Ā(Z0)
(

Il

T

)
(30)

So Ā(Z) and Ā(Z0) are similar and share the
same eigenvalues, independently of the similarity
transformation on Z0.



Proposition 3. The FWL stability related measure
of each realization R := (Z) of RH can be com-
puted from the measure of the initial realization
R0 := (Z0) thanks to :

∂ |λk|
∂Z

∣∣∣∣
Z

= T −>1

∂ |λk|
∂Z

∣∣∣∣
Z0

T −>2 (31)

Proof:
From (30), it comes :

∂ |λk|
∂Ā

∣∣∣∣
Z

=
(

Il

T

)>
∂ |λk|
∂Ā

∣∣∣∣
Z0

(
Il

T

)−>
This equation is injected in (21) and terms around
∂|λk|
∂Ā

are regrouped and written with T −>1 and
T −>2 .

In the following, the controller structure is fully
parameterized, which is most often the case. So
the weighting matrix WZ depends only on the
structure considered (WZ = WZ0).
The optimal design problem then consists in find-
ing the non-singular matrices T1 and T2 (or T , U
and V ) maximizing µ(T1, T2) :

µ(T1, T2) = min
k

1− |λk|√
NΨk(T1, T2)

(32)

with

Ψk =

∥∥∥∥∥
(
T −>1

∂ |λk|
∂Z

∣∣∣∣
Z0

T −>2

)
×WZ0

∥∥∥∥∥
2

F

6. EXAMPLES

The numerical example, used here to evaluate the
PSSM under various parametrizations, is a single-
input single-output fluid power control system
studied in (Njabeleke et al., 1997). The discrete-
time (sampled at 2 kHz) plant P is given by
(Ap, Bp, Cp) in (35). The initial realization R0 :=
(Z0) of the controller C is given in controllable
canonical form in equation (36). It is important
to notice that the coefficients are given with
only 4 digits, but, due to the sensitivity of this
example, this could be not sufficient to define
correctly the system. Bold font is used to exhibit
parameters that risk to be approximated during
the quantization process toward implementation;
the weighting matrix is built accordingly.
As in (Chen et al., 1999), the Adaptive Simulated
Annealing algorithm (Ingber, 1996) is used here
to solve the optimal structured realization design
problem (27).
First, the optimal q-realization is searched with

T1 =

Iq

T−1

Ip

 , T2 =

Iq

T
Im

 (33)

and fortunately the results are similar to those
found in (Wu et al., 2003).

Then, the optimal δ-realization, corresponding
to equation (17) is searched (with ∆ = 2−5,
considered as exactly implemented) with

T1 =

T−1

T−1

Ip

 , T2 =

T
T

Im

 (34)

and exhibits a better FWL stability related mea-
sure ( see Zopt

δ in equation (37)).

A last example of structuration is here consi-
dered : the controller is split in two cascaded
lower-order controller, each one is implemented
with classical state-space realization (the input of
the first controller is computed first to be used
then as input for the second controller). This
cascade realization, expressed with the Implicit
State-Space framework in equation (38) where
(A1, B1, C1, D1) and (A2, B2, C2, D2) are the sys-
tem matrices of the two subsystems, is detailed in
(Hilaire et al., 2005b). The realization exhibited in
equation (39) is not an optimal realization : the
choice of the split is not optimal, only each sub-
realization is optimized separately, but it provides
a good PSSM value.

The numerical results obtained according to the
development of the paper are summarized in the
following table :

realization µ(R) parameters
canonical form q 4.4196e-12 9
optimal q 6.8714e-5 25
canonical form δ 1.1699e-5 9
optimal δ 1.7413e-3 25
cascade 1.0484e-4 18

The results obtained are coherent with existing
ones : the digital controllers described with the
δ-operator has better closed-loop stability robust-
ness to FWL effects (but required a little bit more
computations). The δ-canonical form could be a
good compromise between FWL performance and
computational efforts. The cascade realization is
interesting in the sense that it shows that other
structurations can provide good FWL closed-loop
stability performance. The search of optimal re-
alization (under the PSSM criterion) have to be
extended to larger set of equivalent realizations,
and the specialized Implicit State-Space frame-
work provides a sufficient one, directly linked to
the embedded algorithm.

7. CONCLUSION

The problem of FWL impact of controllers’ im-
plementation with closed-loop aspect has been
considered in this paper. A new FWL closed-loop
stability related measure, in the Implicit State-
Space formalism context, has tractably been de-
rived, which takes into account a larger set of rea-



lizations. A classical example demonstrates the
proposed design procedure on various implemen-
tation schemes. Further interesting structurations
(like cascaded shift/delta realization, etc...) will
be examined in future works.
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0 0 0 0 −2.8733e+0 5.6735e−1 −1.3643e+0 2.7498e+0 −8.0843e−4

 (37)

(
I 0 0(
0

−B2

)
I 0

−D2 0 I

)
Tk+1(
X

(1)
k+1

X
(2)
k+1

)
Y

(2)
k

 =

0
(

C1 0
)

D1

0

(
A1 0
0 A2

) (
B1
0

)
0
(
0 C2

)
0




Tk(
X

(1)
k

X
(2)
k

)
U

(1)
k

 (38)

Zc =


1 2.1871e+2 −3.5349e+1 0 0 1
0 9.9165e−1 9.6165e−4 0 0 9.4399e−3
0 −8.3050e−3 1.0009e+0 0 0 2.0294e−3

1.3626e−4 0 0 7.6963e−1 −3.1670e−1 0
−2.8207e−5 0 0 −3.1670e−1 5.6321e−1 0
−8.0843e−4 0 0 −1.4577e−5 1.5116e−5 0

 (39)


