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Filters/Controllers
Algorithms

Targets

e Finite precision implementation (fixed-point arithmetic)
o LTI systems
e hardware (FPGA, ASIC) or software (DSP, 1C)

Methodology for the implementation of embedded controllers with
finite precision considerations
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Context Classical sensitivity analysis

A (new) problem : the parametrized filters

Resilient implementation

L>-sensitivity
We consider a SISO state-space :
{ x(k+1) = Ax(k)+ bu(k)
y(k) = ex(k)+ du(k)
Classically, the transfer function sensitivity measure M, is used

2

oh , Wiché<A b)
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A
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We consider a SISO state-space :

{ x(k+1) = Ax(k)+ bu(k)
y(k) = ex(k)+ du(k)

Classically, the transfer function sensitivity

measure M, is used

2
, with Z £ <A b)
) c d

IZ7|t evaluates how much the transfer function h will be impacted
by the coefficient quantization.

Oh
0z

A
L, —

Réalisations optimales pour |'implantation de systémes LTI paramétrés

T. Hilaire, P. Chevrel



Context Classical sensitivity analysis A (new) problem : the parametrized filters

Resilient implementation

L>-sensitivity
We consider a SISO state-space :

{ x(k+1) = Ax(k)+ bu(k)
y(k) = ex(k)+ du(k)

Classically, the transfer function sensitivity measure M, is used

2
, with Z £ <A b)
) c d

IZ7|t evaluates how much the transfer function h will be impacted
by the coefficient quantization.

Oh
0z

A
L, —

The associated problem is to find the realization
(T~YAT, T71b,cT,d) that minimizes the L,-sensitivity.
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Classical sensitivity analysis

Transfer function error — 1

We have previously shown [1] that M, does not suited well with
fixed-point arithmetic.
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Transfer function error — 1

We have previously shown [1] that M, does not suited well with
fixed-point arithmetic.
The approach used is then :

e the fixed-point representation of the coefficients Z changed
them in Zt = Z + AZ, where

e AZ can be considered as independent centered random
variables uniformly distributed in range [-2 7% "', 2777 1]
® 7z, is the length of the fractional part given by

Vz; = Bz; — 2 — [logy [Z 5]

e and f3z; is the word-length used to represent Z;;.
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Transfer function error — 1

We have previously shown [1] that M, does not suited well with
fixed-point arithmetic.
The approach used is then :

e the fixed-point representation of the coefficients Z changed
them in Zt = Z + AZ, where

e AZ can be considered as independent centered random
variables uniformly distributed in range [-2 7% "', 2777 1]
® 7z, is the length of the fractional part given by

Vz; = Bz; — 2 — [logy [Z 5]

e and f3z; is the word-length used to represent Z;;.

e the coefficient's quantification changes the transfer function h
in hf = h+ Ah
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Context Classical sensitivity analysis A (new) problem : the parametrized filters Resilient implementation

Transfer function error — 2

Ah is a transfer function with random variables as coefficients.
So, a measure of the transfer function error can statistically be
defined by [2]

27
é1

ohn25r | E{IAR(E)E) do
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Context Classical sensitivity analysis A (r

new) problem : the parametrized filters

Resilient implementation

Transfer function error — 2

Ah is a transfer function with random variables as coefficients.

So, a measure of the transfer function error can statistically be
defined by [2]

27
é1

or |, E{I8R()E} de

and can be computed by [1]

2
OAh

Ah — aZ -7 )
with
Pzt . .
(=5), 2 % | Zij|, if Zj non-trivial
=z)i =
"o if Z; is trivial

and | x|, is nearest power of 2 lower than |x]|
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Classical sensitivity analysis ew) problem : the parametrized filters Resilient implementation

Parametrized filters : an extended problem

We now consider LTI filters/controllers where the coefficients
depend on extra parameters 6.

e These parameters are fixed, but unknown at implementation
and compile-time;
e We only know intervals they belong to;

e The coefficients are computed once in-situ at
initialization-time ;
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Parametrized filters : an extended problem

We now consider LTI filters/controllers where the coefficients
depend on extra parameters 6.

e These parameters are fixed, but unknown at implementation
and compile-time;

e We only know intervals they belong to;

e The coefficients are computed once in-situ at

initialization-time ;

K&this is widely used by car manufacturers in order to calibrate
controllers much more later in the development lifecycle.
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A (new) problem : the parametrized filters

Parametrized filters

A coefficients Al
ROM ! computation "_""; ------ ’h(Z)

! a) initialization-time

b) execution-time y (k)

\

Initialization and execution
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Context Classical sensitivity analysis A (new) problem : the parametrized filters Resilient implementation

Example — 1

Continuous-time 2nd order filter

g
h(s) =
(5) 52 4+ 2fwes + w2

Depends on 3 parameters :
e g gain (g/wc is the static gain) ;
e ¢ quality factor ;
e w, cutoff frequency.
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Context Classical sensitivity analysis A (new) problem : the parametrized filters Resilient implementation

Example — 2

Discrete-time 2nd order filter

boz® + bz + by
H(Z): e
0Z< + a1z + a»

with
o by =gT? by=2gT% by=gT?
o a0 = 4w, T +w2T?+4, ag =2w2T2 -8,
ay = w2T? — 8w T + 4
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Example — 2

Discrete-time 2nd order filter
boz% + b b
H(z) = 022+ 1Z + b2
apgzc + a1z + a»

with
o by =gT? by=2gT% by=gT?
o a0 = 4w, T +w2T?+4, ag =2w2T2 -8,
ay = w2T? — 8w T + 4

g
5_ Fe
The extra parameters are 6 = w or O=|F.|,...
[}
7T
: ¢

and if a direct form is used, we have the relationship between the
coefficients and the parameters.
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Context Classical sensitivity analysis : the parametrized filters

Example — 3

It can also be implemented with a controllable canonical form

x(k+1) = <‘13 _§§>x(k)+<é> u(k)
(k) = (blao—zboal bzao—zboaz)x(k)Jr%u(k)

B0 B0

Or any other state-space realization.
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Example — 3

It can also be implemented with a controllable canonical form

x(k+1) = <‘13 _§§>x(k)+<é> u(k)
(k) = (blao—zboal bzaoa—gboaz)x(k)_i_%u(k)

B0

Or any other state-space realization.

Or any other interesting form (pDFIIt, etc.).

’¥|n that cases, the computation of the coefficients (from the
parameters) can be much more complicated...

But it is only done once, at initialization-time.
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Classical sensitivity analysis A (new) problem : the parametrized filters Resilient implementation

Quantization of the parameters — 1

Questions :

e What will be the impact of the quantization of these
parameters ?

e How the transfer function and/or poles will be affected ?

e How to consider them for the search for optimal realization ?
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Context Classical sensitivity analysis ew) problem : the parametrized filters

Resilient implementation

Quantization of the parameters — 1

Questions :

e What will be the impact of the quantization of these
parameters ?

e How the transfer function and/or poles will be affected ?
e How to consider them for the search for optimal realization ?

e consider the worst degradation among the set of parameters,
and optimize it ?

e search for the parameters that gives the worst case ?
o ..
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A (new) problem : the parametrized filters

Quantization of the parameters — 2

So, we have considered the following case :

o the parameters @ can be quantized (in 8') (some of them will
not moved because they can be exactly represented)
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Quantization of the parameters — 2

So, we have considered the following case :

o the parameters @ can be quantized (in 8') (some of them will
not moved because they can be exactly represented)

o the coefficients Z(0T) are computed with enough precision,
and then are quantized in Z1
— similar than suppose that a quantization will occur on the
exact computation of Z, with the quantized parameters 61
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ical sensitivity analysis A (new) problem : the parametrized filters
0000

ilient implementation

Quantization of the parameters — 3

In a similar way :
e 0 quantized in 81 = 0 + A0

since @ is unknown, we can only say A6 are independent

centered random variables, uniformly distributed in range
[_2*’7A9k*1’ 2*7A9k*1]
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0000

Quantization of the parameters — 3

In a similar way :

e 0 quantized in 81 = 0 + A0
since @ is unknown, we can only say A6 are independent
centered random variables, uniformly distributed in range
[_2*’7A9k*1’ 2*7A9k*1]

e for Z, we will compute Z(OT) and then quantized it in

—2~ .
Z! = Z(0") + AZ with 035, = 2707,
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0000

Quantization of the parameters — 3

In a similar way :

e 0 quantized in 81 = 0 + A0
since @ is unknown, we can only say A6 are independent
centered random variables, uniformly distributed in range
[_2*’7A9k*17 2*7A9k*1]
e for Z, we will compute Z(OT) and then quantized it in
—2vz7.;
_ . 2 _ 2 il
Zt = Z(0") + AZ with Opz; = 450z,
A first order approximation gives :

.I.
Z-Z NzaekMHAz
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Context Classical sensitivity analysis A (new) problem : the parametrized filters Resilient implementation

0@00

Extension of the transfer function error measure

In that context, the transfer function error measure can be
extended :

5 0
Onah = 6_2

il

with
87 2~ Bo, +1

%= 20, 0, 3

wa 2 50k
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0@00

Extension of the transfer function error measure

In that context, the transfer function error measure can be
extended :

5 0
OAh — 87

il

with
87 2~ Bo, +1

%= 20, 0, 3

wa 2 50k

— quantization of Z
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0@00

Extension of the transfer function error measure
In that context, the transfer function error measure can be

extended :
2 2
— Oh
=gz <=2+ oz x4,
with G
0z 278
O = - |_9sz 50k

— quantization of each 6y
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0@00

Extension of the transfer function error measure

In that context, the transfer function error measure can be
extended :

with

e a normalisation is possible when all the wordlength are equal :

&QAH:H X ||Z]], x éz7
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0@00

Extension of the transfer function error measure

In that context, the transfer function error measure can be
extended :

with

e a normalisation is possible when all the wordlength are equal :
2

=5z x 121l x b2 +ZHBZ oL 0wl
2

o ae can be obtained via symbolic computations
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0@00

Extension of the transfer function error measure

In that context, the transfer function error measure can be
extended :

with

e a normalisation is possible when all the wordlength are equal :
2

=5z x 121l x b2 +ZHBZ oL 0wl
2

o aT can be obtained via symbolic computations
e 4 the quantization of Z is supposed to be best roundoff. For

X
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ical sensitivity analysis A (new) problem : the parametrized filters Resilient implementation

0000

Pole error measure

The same reasoning can be applied to poles A; (or their moduli).
Let us define
oaw 2 2wl {(A )}
i

where w; are weighting coefficients (for example w; = 171|)\,|)
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Context Classical sensitivity analysis A (new) problem : the parametrized filters Resilient implem

0000

Pole error measure

The same reasoning can be applied to poles A; (or their moduli).

Let us define
oaw 2 2wl {(A )}

where w; are weighting coefficients (for example w; = 171|)\,|)
We have
2
r o, o,
A~ F
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0000

Pole error measure

The same reasoning can be applied to poles A; (or their moduli).
Let us define
oaw 2 2wl {(A )}
i

where w; are weighting coefficients (for example w; = 171|)\,|)
We have

2

!AI aIAI

"w

F

O|Ail
)4
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Context

he parametrized filters

Example — 4

For the previous example (canonical state-space)

_2(TPwi-4)  TPui—4Twcl+4 1
T2wW24+4TwE+4 T2wW24+4TwE+4
Z = 1 0 0
2 2 2 2 2 2
o2, AT 15, TPwi-4)T% T2g
& T T2z i4 Tw.era)? (T202 14 Twe 142 TPw2taTw.i14

And symbolic derivatives gives

8(Twe—2)(Twe+2) Twe 8(T2w2+4) Twe 0
V4 (T2w2+4TwE+4)? (T2w2+4TwE+4)?
o = 0 0 0
g 16(Twe—2)(Twe+2) Tgwe  16(Twe—2)(Twet+2) T3 gwe _4T3gw.
(T2w2+4TwE+4)3 (T2w2+4TwE+4)3 (TPw2+4TwE+4)?

8z 9z
and similar results for 5 oT and £
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Resilient implementation
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O Resilient implementation of parametrized systems
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Context Classical sensitivity analysis A (new) problem : the parametrized filters Resilient implementation

Optimal resilient implementation — 1
Let denotes R z, the set of equivalent state-space realizations of a
given realization Zj.
It is of interest to consider the optimal problem
.2
argmin oy
ZERZO

i.e. find the realization that minimizes the impact of the
quantization of Z and 6
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Optimal resilient implementation — 1
Let denotes R z, the set of equivalent state-space realizations of a
given realization Zj.
It is of interest to consider the optimal problem

argmin o4,
ZE'RzO

i.e. find the realization that minimizes the impact of the
quantization of Z and 6

(" )a( )

T opt = arg min azAh(T).
T invertible

BE"A global optimization algorithm (Adaptative Simulated
Annealing) is used.
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Resilient implementation

Optimal resilient implementation — 2
Obviously, the previous slide is for a given 8 = 0.
It is much more interesting to consider a set of possible values for
0, denoted Qg (a box if the parameters are defined in intervals).
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Context Classical sensitivity ew) problem : the parametrized filters Resilient implementation

Optimal resilient implementation — 2

Obviously, the previous slide is for a given 8 = 0.
It is much more interesting to consider a set of possible values for
0, denoted Qg (a box if the parameters are defined in intervals).
e A worst-case measure can be built (for state-space, depends
on the transformation matrix U)

U2Ah,Qg(T) £ g’eaéeaih(ea T)

And the optimal resilient implementation problem is

. 2
T opt = arg min UAh,Qg(T)
T inversible

e Car manufacturers are interested in finding 0 that gives a
maximal sensitivity for a given realization

arg max o2 ,(0)
0cQq

in order to focus their effort on that particular configuration
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ical sensitivity analysis A (n problem : the parametrized filters Resilient implementation

Optimal resilient implementation — 3

We do not have yet a real solution to propose.

o If the number of parameters is very low, it is possible to use a
grid approximation of ¢ (i.e. discretize each interval [; 0]
in n points, and do exhaustive search on these n? )
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Optimal resilient implementation — 3

We do not have yet a real solution to propose.

o If the number of parameters is very low, it is possible to use a
grid approximation of ¢ (i.e. discretize each interval [; 0]
in n points, and do exhaustive search on these n? )

e We are also looking at interval arithmetic (intervals, affine
arithmetics, Taylor approximation, etc.)
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Context Classical sensitivity analysis A (new) problem : the parametrized filters Resilient implementation

Conclusion

The parametrized filter implementation problem has been
defined

e Some (extended) transfer function error measures can be used
to deal with the impact of the quantized parameters

It has been extended to the Specialized Implicit Framework

But still some work to do for the optimal problem when the
parameters belong to a set
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Resilient implementation

Any questions?
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